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EXTREMAL METRICS FOR SPECTRAL FUNCTIONS OF
DIRAC OPERATORS IN EVEN AND ODD DIMENSIONS
NIELS MARTIN MØLLER
Abstrat. Let (Mn, g) be a losed smooth Riemannian spin manifold and
denote by
/∇ its Atiyah-Singer-Dira operator. We study the variation of
Riemannian metris for the zeta funtion and funtional determinant of
/∇
2
, and prove niteness of the Morse index at stationary metris, and loal
extremality at suh metris under general, i.e. not only onformal, hange
of metris.
In even dimensions, whih is also a new ase for the onformal Laplaian,
the relevant stability operator is of log-polyhomogeneous pseudodierential
type, and we prove new results of independent interest, on the spetrum for
suh operators. We use this to prove loal extremality under variation of
the Riemannian metri, whih in the important example when (Mn, g) is
the round n-sphere, gives a partial veriation of Branson's onjeture on
the pattern of extremals. Thus det /∇
2
has a loal (max, max, min, min)
when the dimension is (4k, 4k + 1, 4k + 2, 4k + 3), respetively.
1. Introdution
Fixing a losed smooth manifold M , the determinant of a natural geometri
ellipti partial dierential operator gives a funtional g 7→ detPg on the (innite-
dimensional) manifold of smooth Riemannian metris
Metr(M) =
{
g ∈ C∞(S2TM) | g is pos. def.} ,
i.e. smooth symmetri positive denite 2-tensor elds on M , given by a ertain
regularization (i.e. renormalization) of the otherwise divergent produt of the
eigenvalues λk, where |λ0| ≤ |λ1| ≤ . . . ր +∞ of the operator P = Pg in eah
partiular Riemannian metri g. More preisely, one studies the funtional on
the quotient
(1.1) FP : Metr(M)
/
Diff(M) // R , FP ([g]) = detP[g]
The signiane of this quotient is the identiation of Riemannian metris un-
der the ation of dieomorphisms ϕ :M →M by pullbak ϕ∗g of the metri g,
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sine the spetrum of Pg is invariant under this operation. Often the funtional
has additional invariane properties, e.g. the onformal invariane in many ex-
amples in theoretial physis, with dierential operators suh as the onformal
Laplaian L ating on salar elds, and the Atiyah-Singer-Dira operator /∇ on
spinors. In quantum eld and string theories, the determinant plays the rle of
an eetive ation (see [DC℄, [Haw℄) and hene the ritiality and extremality
properties of detP are both natural and of prime interest, and ritial manifolds
have interpretations in terms of the spaetime traks of the evolution of strings
and higher-dimensional objets.
From a purely geometri viewpoint, it is a fat that preiously little is ur-
rently known about the struture of the spae of Riemannian metris on a given
smooth manifoldM , and a key motivation here is the perspetive use of spetral
invariants for suh investigations. Namely, in many previously onsidered ases
the determinant is known to be extremal (within the onformal lass) at speial
preferred metris, suh as onstant urvature metris, Einstein metris, on-
formally at metris et., depending on what the partiular geometry allows.
This was the ase for the spheres in [Br1℄, [Ok3℄ and [On℄, 2-dimensional sur-
faes in [OPS1℄, [OPS2℄ and 4-manifolds in [CY1℄, the 4-dimensional boundary
problem in [CQ1℄ and [CQ2℄, where in eah ase the standard metri extremal-
izes the determinant of the natural onformally ovariant operators onsidered
there, viz. the onformal Laplaian and the Dira operator.
Note also, in onnetion with geometri ows for nding anonial metris,
that the gradient ow of the determinant of the Laplaian for 2-dimensional
surfaes is equivalent to the Rii ow ([OPS1℄), and indeed leads to a proof
of the lassial uniformization theorem for Riemann surfaes (see e.g. [CLT℄).
Funtionals related to the determinant also played a rle in Perelman's work
(see Appendix B in [CLN℄ for a detailed exposition, and see also [MT℄), and a
related ow an be utilized to nd hyperboli metris on knot omplements.
It is important to reognize that the determinant in general is a very om-
pliated global objet, sine its denition involves all the eigenvalues of the
operator in question, and furthermore an analyti ontinuation proedure (or
other essentially equivalent regularization tehnique). For instane for Rie-
mann surfaes (Σ2, g), there are formulae for the determinant of the Laplaian
in terms of the lengths of losed geodesis in Σ2 (see [Fr℄, [HP℄, [Sa℄ and [PR℄),
illustrating the ompliated global geometri nature of the invariant.
The well-known, yet remarkable, fat is that the variation under hanges of
metri of the determinant (in a preise sense) is a muh more loally omputable
expression. This priniple is the ornerstone of most of what is known about the
determinant. For an arbitrary onformal variation, there exists in fat formulae
for how the determinant hanges, in terms of an integral of loal invariants (i.e.
urvatures and its ovariant derivatives). These are the famous Polyakov-type
formulas (e.g. [Po℄), whih were historially utilized in the work by Osgood-
Philips-Sarnak (e.g. [OPS1℄, [OPS2℄) on extremals of the determinant for 2-
dimensional surfaes, and subsequently in the later results in these diretions
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in [Br1℄, [BØ2℄, [CY1℄, [CQ1℄,[CQ2℄, in dimension 6 or lower. See also [SZ℄ for
reent results on perturbations of the sphere through singular metris.
The approah with Polyakov formulas relies on expliit knowledge of heat
invariants in terms of urvatures. To then obtain extremal results one applies
sharp Bekner, Moser-Trudinger and Hardy-Littlewood-Sobolev-type inequali-
ties to Polyakov formulas, after regrouping the urvature terms. From T. P.
Branson's paper [Br1℄ we have the following theorem.
Theorem 1.2 (Branson, 1993). On S6, for g = e2ωgcan in the onformal lass
of the standard metri gcan having the standard volume, the determinant of
the Yamabe operator L (resp. of the Dira operator squared /∇2) is maximized
(respetively minimized) exatly when the metri g is the pullbak of gcan by
some onformal dieomorphism on (S6, gcan).
For readers not familiar with the intriaies of expliit Polyakov and Q-
urvature formulae, it is worth pointing out that the loal Riemannian invariants
that need to be handled inrease tremendously in ombinatorial omplexity, and
that the analogue of Theorem 1.2 has not been proven for n ≥ 8 (see [GP℄ for
relevant formulae for the ase n = 8).
In the light of this ompliated nature, it is striking that one may obtain
ertain types of quite general information about the extremal properties of the
determinant, even in high dimensions. Namely, a novel line of investigation
(that dealt with seond order geometri Laplae-type operators) was reently
initiated by K. Okikiolu [Ok3℄ (and K. Rihardson [Ri℄). The extremals are
now loal in the metri, near a xed ground metri, but with respet to any
variation, i.e. not restriting to only onformal variations of the metri. The
relevant objet is the stability operator, i.e. the L2-Hessian, of FP , at the
ground metri g.
(1.3) HessFPg (k, k) := D
2FPg =
d2
dt2
∣∣t=0FPg+tk , k ∈ C∞(S2M).
where S2M denotes the bundle of symmetri ovariant 2-tensors. In the paper
[Ok3℄ from Ann. Math. (2001), and further elaborated in [Ok4℄), K. Okikiolu
developed a alulus showing that suh a stability operator (i.e. L2-Hessian)
may in many ases be understood properly in terms of a orresponding lassial
polyhomogeneous pseudodierential operator Q as follows.
(1.4) HessFPg(k, k) = 〈〈Qk, k〉〉g ,
where the inner produt indued on setions by (g, 〈·, ·〉) is
(1.5) 〈〈ϕ,ψ〉〉g =
∫
M
〈ϕ,ψ〉xdvol(x), for ϕ,ψ ∈ C∞(E),
denoting by dvol the Riemannian measure of (M,g).
This analysis (in [Ok3℄) showed that for the determinant of the Yamabe
operator (i.e. onformal Laplaian) at (S2k+1, gcan), by positivity of suh a sta-
bility operator, the leading part of whih is a loally determined objet (i.e.
in jets of the metri and the symbol of the partial dierential operator), there
4 NIELS MARTIN MØLLER
holds loal extremality near the round metri (in an appropriate topology suh
as a Banah topology on xed Sobolev spaes, or the Fréhet topology). The
maxima and minima are strit apart from in ertain natural gauge-invariane
diretions. The Laplae-Beltrami however may have saddle points (though only
nite-dimensional). These and other examples show that the onformal prop-
erties of the operators play an important rle.
The following table summarizes all previously known results on onformally
ovariant operators in the ase of the round sphere, together with the results
of the present paper. Note that the 2k-dimensional ases, for k ≥ 2, are only
known to be true up to a nite odimension of exeptional diretions, after
taking the quotient with the gauge invariant diretions as in Equation (1.1).
Sn detL det /∇2 Fixed quantities
S2 global max. global min. volume
S4 global min. global max. volume + onformal lass
S6 global max. global min. volume + onformal lass
S4k (k ≥ 2) loal min.(†) loal max.(*) volume
S4k+1 loal min. loal max.(*) volume
S4k+2 (k ≥ 2) loal max.(†) loal min.(*) volume
S4k+3 loal max. loal min.(*) volume
(†): [Ok5℄ + the present paper.
(∗): the present paper.
The pattern seen in this table for S2, S4 and S6 lead T. P. Branson to
onjeture the following (where it should be noted that the dierene in behavior
between the Yamabe and Dira operator is not merely due to unnatural sign
onventions).
Conjeture 1.6 (Branson's onjeture, 1993, [Br1℄). On Sn for n even, the
pattern ontinues, i.e. in the onformal lass of the standard sphere, the quan-
tities (−1)n/2 detL and −(−1)n/2 det /∇2 are minimized at the standard metri.
The extremal metri is unique up to onformal dieomorphism pullbak.
With the previous state of knowledge about the extremal properties of the
determinant, it thus seemed remarkably tting to investigate the determinant
of the Atiyah-Singer-Dira operator. As hinted at in the introdution, Dira
operators are ertainly important objets in both modern theoretial physis
and pure geometry. The present paper serves several purposes: (1) to ex-
tend the stability operator (i.e. L2-Hessian) alulus for the extremal problems
of spetral invariants to the geometrially muh more involved ase of Dira
operators, and the independent issue: (2) to give a rigorous spetral theory for
stability operators in variational problems suitable for treating zeta regularized
quantities in even dimensions, whih involves a more broad lass of pseudodie-
rential operators, namely having a log-polyhomogeneous leading symbol. This
is also a new ase already for the onformal Laplaian, when the dimension of
the manifold is even, and the spetral results proven here onludes the proof
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of (†) in the above table, using the formulas for the leading symbols of the
ordinary Laplaian in [Ok3℄ and [OW℄, together with variation formulae for the
salar urvature.
Furthermore we desribe as an aside: (3) an approah to breaking gauge
invariane of the variational problem, in order to apply ellipti theory, by not-
ing that eah of the relevant operators has a fatorization (up to a smoothing
operator) into a produt of one truly ellipti operator and two projetions that
projet onto the gauge invariane subspae of the smooth symmetri 2-tensor
elds (as dened by the usual dierential onditions).
Taken together this leads to the armative answer to Branson's onjeture,
with a ertain amount of liberty in its interpretation; viz. by proving the new
extremal results marked (†) and (∗) in the above table (see Theorem 2, where
again this is in the sense of extremals in almost every diretion, or more
preisely that there is possibly a nite o-dimension of diretions, up to gauge
equivalene, in whih the extremality does not hold.
Finally, the present paper is part of a larger program of understanding ex-
tremal properties of determinants in general, and it is an important prerequisite
for the later joint work with B. Ørsted [MØ℄, where the omplete loal vari-
ations haraterization of the extremals for the Dira operator on the round
spheres (Sn, g
an
) beomes a orollary to the present paper, when applying to
it the strong rigidity theorem for onformal funtionals on (Sn, g
an
) proven in
[MØ℄.
1.1. Proof summary and statement of the results. Let (M,g) be a losed
(i.e. ompat, ∂M = ∅) smooth Riemannian n-dimensional manifold and
(E, 〈·, ·〉) a Hermitian vetor bundle overM of rank r. We shall assume that E is
a tensor-spinor bundle, i.e. ifH is either O(n), SO(n) or Spin(n), orresponding
to the geometry under investigation, then
E = FHM ×ρ V
is a bundle assoiated to the prinipal bundle of H-frames by some nite-
dimensional representation ρ on V .
Consider partial dierential operators
P : C∞(E)→ C∞(E)
of order d ∈ 2N+, ating on smooth setions and satisfying the following.
Analyti assumptions 1.7.
(1) P has pointwise positive denite leading symbol σd(x, ξ) ∈ End(Ex)
(2) P is formally positive (in partiular formally self-adjoint) on C∞(E),
i.e.
〈〈Pϕ,ψ〉〉g ≥ 0, ∀ϕ,ψ ∈ C∞(E)
It is a lassial fat that both the ordinary Laplaian and the square of the
Dira operator satisfy this. Under the assumptions, P is ellipti and has disrete
spetrum with eigenvalues
0 ≤ λ0 ≤ λ1 ≤ · · · ր ∞
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of nite multipliity and satisfying Weyl's law, whih ensures onvergene in
the following denition.
Denition 1.8. The zeta funtion of P in the metri g is
(1.9) ζP (s) = ζ(P, s) =
∑
λj>0
λ−sj , Re s > n/d,
with repetition aording to multipliities.
Standard theory (see e.g. [BØ1℄) gives the meromorphi struture of ζ as
reorded in the next theorem.
Theorem 1.10. ζP (·) has a meromorphi ontinuation to C having only simple
poles with
(1.11)
{
poles of ζP (·)
}
⊆
{
n
d
,
n− 1
d
, . . .
}
and being regular at s = 0. If n is odd-dimensional, then
(1.12) ζP (0) = − dimkerP .
In the light of this, it is onvenient to dene the modied zeta funtion
(1.13) Z(P, s) = Γ(s)ζP (s)
Γ(s− n/2) +
dimkerP
sΓ(s− n/2) ,
whih by Theorem 1.10 is entire in s.
Also by the same theorem the following makes sense
Denition 1.14. The zeta funtional determinant of Pg is the real number
detPg = exp
(− ζ ′P (0)).
We will also require operators to be geometri, for instane in the sense of
Branson-Ørsted and others (see for instane [BØ1℄).
Naturality assumptions 1.15. P is assumed to be natural as 'a rule' as-
signing to eah metri the operator Pg, being a universal polynomial in tensor
produts and ontrations of
(1) the metri g, its inverse g−1, the Levi-Civita onnetion ∇ and the ur-
vature tensor R.
(2) the volume form vol, if the struture group is H = SO(n).
(3) the volume form and Cliord setion γ, if H = Spin(n).
Dierential operators P will in the following be assumed to satisfy the analyti
and naturality onditions, unless otherwise stated.
Using K. Okikiolu's methods ([Ok4℄, [Ok3℄), we study the stability operator
(i.e. L2-Hessian) of the modied zeta funtion Z(s) whih has a meromorphi
family of Hessians ΨDOs denoted Ts, for s ∈ Ω ⊆ C, with deompositions
Ts = Us + Vs into pairs of ΨDOs with orders n − 2s and 2, respetively. The
main result following from this analysis is the following.
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Theorem 1. Let (Mn, γ) be a losed Riemannian spin manifold. Assume that
the kernel of the Atiyah-Singer-Dira operator
/∇ has stable dimension under
loal variations of the metri, with xed topologial spin struture.
Then the leading symbol of the part Us as above, of the pseudodierential
stability operator of the modied zeta funtion Z(s) of /∇2 is given by
〈k, us(x, ξ) k〉g =
2⌊
n
2
⌋−2
( 1
4pi
)n
2 Γ(−S + 1)2
Γ(−2S + 2) |ξ|
n−2s
{[
2s − (n− 1)
]
tr
(
KgΠ
⊥
ξ
)2
+
(
trKgΠ
⊥
ξ
)2}
for Re s < n/2− 1. Here S = s − n/2, and Π⊥ξ is the orthogonal projetion on
ξ⊥, for ξ ∈ T ∗xM .
Remarks 1.16. We point the reader to the paper [Mø2℄ for an appliation,
whih also serves as a simple-minded onsisteny hek of the orretness of
Theorem 1.
It is worth pointing out that the previous investigation of higher rank vetor
bundle ases, namely Hodge and Bohner Laplaians on p-forms in [OW℄ led
to somewhat ompliated expressions for the stability operator. These opera-
tors laked good onformal properties, and working instead with the square of
the onformally ovariant Atiyah-Singer-Dira operator indeed reveals a very
appealing formula.
As prerequisites for proving Theorem 1, we desribe in Setion 2 the basis
of spin geometry and the non-trivial problem of metri variations of the Dira
operator in a general diretion, i.e. not neessarily preserving the onformal
lass. The situation is more ompliated than that for the ordinary Laplaians
that at on setions of xed, metri independent bundles, suh as funtions or
dierential forms. Interestingly there seems to be the misoneption that only
onformal hanges are at all manageable for the spin ase. This should seem-
ingly be attributed to the fat that a xed prinipal bundle may be used in the
onformal ase only, and to the fat that the spin representations do not ome
from representations of the universal double over of Gl(n), but only from that
of SO(n), orresponding to after a Riemannian metri has been hosen. It is
indeed true that for a general hange of metri, the underlying bundles have to
hange. However being in Riemannian signature, and for the purpose of spetral
geometry, this an be handled (following [BG℄) via families of gauge transforma-
tions known as the Bourguignon-Gauduhon isomorphisms. One thus obtains
a new family of partial dierential operators
(1.17)
γ /∇γt : C∞(Σγ)→ C∞(Σγ), t ∈ (−ε, ε),
in the xed spinor bundle (for the metri g, together with the spin struture
denoted a spin metri γ), and eah of whih is isospetral to the Dira operator
in the metri g + tk, for k ∈ S2M . For readers that might not be familiar with
these subjets, is inluded a review of the Bourguignon-Gauduhon paper [BG℄
in Appendix A.
8 NIELS MARTIN MØLLER
The proof of Theorem 1 is arried out in Setion 5 by generalizing K. Okiki-
olu's alulus to the spinor ase (Corollary 5.10), and by alulating the expliit
leading symbol of the stability operator (i.e. L2-Hessian) in loal oordinates,
by applying the Bourguignon-Gauduhon formula from [BG℄ for the innitesi-
mal variation of the operator family in (1.17)
(1.18)
(
d
dt
γ /∇γt ∣∣t=0
)
ψ = −1
2
n∑
i=1
ei·γ∇˜γKg(ei)ψ +
1
4
[
d(trg k)− divg k
]
·γ
ψ.
The nal step in the proof of Theorem 1 is the use of ertain formulae for
the trae of endomorphisms indued from Cliord multipliation (Proposition
5.28).
As an outline of the arguments needed for the proof of the main result on
extremals for the determinant (i.e. Theorem 2), we now explain the appliation
of Theorem 1 to obtain the extremals in a simpler ase, being that of the value
ζ /∇2(0).
Corollary 1.19. Assume that the ground metri g0 is a stationary point for
ζ /∇2(0). Under assumptions as in Theorem 2, then ζ /∇2(0) has loal maximum
for (−1)kζ /∇2(0) at g0, apart from possibly in V (M,g0) + (conf + diff)g0 , for a
nite dimensional subspae of diretions V (M,g0 ⊆ C∞(S2M).
Remark 1.20. By extremality at g0 of a funtional F on the spae of metris,
apart from in the diretions V (M,g0) + diffg0 , we mean as follows: If gt is a
C∞-urve of Riemannian metris with
k :=
d
dt
∣∣t=0gt ∈ (V + diffg0)⊥ = diffg0⊥ ∩V ⊥,
where ⊥ designates the orthogonal L2-omplement as in (1.5). Then there exists
δ = δ(F, k) > 0 suh that
(1.21) 0 < |t| < δ ⇒ F (gt) > F (g0).
Proof of Corollary 1.19. To apply elliptiity arguments in this situation, we
need to break the gauge invariane. This an be done by fatorizing out the
projetions onto the invariant diretions, as desribed in detail in Setion 6.
Namely, for this we solve a system of geometri ellipti equations (Proposition
3.4) to nd the expliit orthogonal projetion onto a ertain subspae diff⊥g0 of
the tangent spae of the Riemannian manifold of Riemannian metris
Πdiff⊥ : C
∞(S2M)→ diff⊥g0
as a ΨDO of order 0, dened up to smoothing operators, where diffg0 = diff
Spin
g0
is the tangent spae of the pullbak of metris by dieomorphisms
(1.22)
diffSping0 =
{ d
dt
∣∣t=0ϕ∗t g0
∣∣∣ ϕt is a 1-param. family of spin-dieomorphisms},
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Note that the spae diffSping0 onsists by (1.1) of zero diretions for the stability
operator. The result is
Πdiff⊥ = Id−∇⊙
[
div∇⊙
]−1
div,
σL
(
Πdiff⊥
)
(x, ξ)K = Π⊥ξ KΠ
⊥
ξ .
where ∇⊙ is the symmetrized ovariant derivative. The projetion Π(conf+diff)⊥ ,
relevant when there is onformal invariane (e.g. funtional determinant in odd
dimensions), is treated similarly in Proposition 3.4, where
(1.23)
confg0 =
{
ϕg0
∣∣∣ϕ ∈ C∞(M)} and confg0⊥ = {k ∈ C∞(S2M) ∣∣∣ trg0 k = 0},
and the leading symbol of the projetion is
(1.24) σL
(
Π(conf+diff)⊥
)
(x, ξ)K = Π⊥ξ KΠ
⊥
ξ −
1
n− 1 tr
(
Π⊥ξ K
)
Π⊥ξ
From Theorem 1 and the formula (1.24), the leading symbol of ζ /∇2(0) is
u0(x, ξ)K = (n − 1)2⌊
n
2
⌋−2
( 1
4pi
)n
2 Γ(
n
2 + 1)
2
Γ(n+ 2)
|ξ|nΠ(conf+diff)⊥ .
Then using the fatorization result (Proposition 6.2), sine ζ /∇2(0) is onfor-
mally invariant for n even, we an write for the stability operator (i.e. L2-
Hessian)
(1.25) Hess ζ(0) = Π(conf+diff)⊥ H0Π(conf+diff)⊥
in even dimension n = 2k, where H0 is a new pseudodierential operator, now
with a hane of being an ellipti operator. In the appliations in this paper, the
new operator H0 is in fat ellipti, and H := (−1)kH0 furthermore has negative
denite leading symbol (in other situations however, this may not be the ase,
as the examples of the Laplaian on forms in [OW℄, and the half-torsion in
[Mø2℄ show), and is symmetri with respet to the L2-inner produt.
The results antiipated in the above disussion suggest taking V to be the
nite-dimensional subspae
(1.26) V :=
⊕
λk≥0
Ek(H)
of non-negative eigenspaes for the ellipti pseudodierential operator with pos-
itive leading symbol H. Namely, by the spetral theory for suh operators
(whih is a standard onsequene of the ompatness of the resolvent, e.g. also
a speial ase of Theorem 4.16 in the present paper) on the losed manifold M ,
one nds that H has nite multipliity, disrete, pure eigenvalue spetrum with
|λk| → ∞, and that the spetrum is bounded from above,
(1.27) specH ⊆ (−∞, c], c > 0,
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and onsequently there is at most a nite number of non-negative eigenvalues,
eah with a orresponding nite-dimensional eigenspae, and hene
dimV <∞.
To verify our denition of V , note that for k ∈ (V + (conf + diff)g0)⊥\{0},
(1.28) HessF (k, k) = 〈〈Π(conf+diff)⊥ k,H Π(conf+diff)⊥ k〉〉 = 〈〈k,Hk〉〉 < 0,
using that k ∈ (conf + diff)g0⊥ and k ∈ V ⊥, respetively.
Thus, sine gt is assumed to be a smooth urve of metris, the loal extremal-
ity laim follows from Taylor's formula with remainder for real smooth funtions
(and of ourse it is even a strit loal extremum). 
For the more ompliated ase of the determinant of
/∇2 and of L, or equiv-
alently of ζ ′P (0), one would like to apply an approah similar to the one in the
proof of Corollary 1.19, but must here take the s-derivative at s = 0 in the
expression in Theorem 1. To treat this rigorously it is onvenient to work in the
log-polyhomogeneous symbol lass, reently introdued by M. Lesh in [Le℄. We
review this in Setion 4 together with the needed theory of holomorphi fami-
lies of pseudodierential operators. This is a relatively new lass of operators,
and we present it with slightly weaker assumptions than previous authors ([Le℄,
[KV℄, [PS℄) by the use of Cauhy estimates in the holomorhpi parameter.
Namely, in even dimensions the rle of the log-polyhomogeneous lass is
essential, sine the leading symbol of the stability operator of det /∇2 is of the
form
(1.29) |ξ|nA(x, ξ) log |ξ|+ |ξ|nB(x, ξ), A,B ∈ C∞(T ∗M,End(TM)).
The dierene between odd and even dimensions originates in the Γ(s − n/2)
fator in (1.13), whih is analyti in s at s = 0 if n is odd, while having whenever
n is even a simple pole at s = 0 (see Lemma 6.1).
To dedue the extremal results for the determinant, we need spetral results
similar to those disussed in the proof of Corollary 1.19 above. In Setion
4 we dene the appropriate notions of hypoelliptiity and positivity for log-
polyhomogeneous symbols, while Theorem 4.16 gives the main spetral result,
namely the nite index propery in the lass of symmetri log-polyhomogeneous
operators with positive leading symbol. The main ingredient in proving this is
a Gårding inequality (Corollary 4.13), for hypoellipti symbols, and the simple
observation that operators with positive leading symbol have square roots in
the hypoellipti lass of half the bi-degrees (Lemma 4.18).
In Setion 6 we establish the expliit fatorization results mentioned above
(Proposition 6.2). Finally we show that the expliit symbols of the form in
(1.29), oming from Theorem 1, are in the new lass. This happens to be a
non-trivial point, beause for log-polyhomogeneous symbols the orret notion
of leading symbol inludes both terms in Equation (1.29), and not only the
highest log-degree. In fat in this appliation, the endomorphism A will be sin-
gular, but sine B is regular and suiently large, we an prove hypoelliptiity
(Proposition 6.6).
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This will onlude the proof of the seond main theorem of the present paper,
where the extremals are again to be interpreted as in Remark 1.20. Reall that
the determinant is always invariant in ertain large subspaes of diretions, for
even and odd dimensions being diffSping0 and confg0 + diff
Spin
g0 , respetively.
Theorem 2. Let (Mn, γ) be a losed Riemannian spin manifold with n ≥ 3.
Consider loal, volume preserving variations of the metri with xed topologial
spin struture. Assume that the kernel of its Atiyah-Singer-Dira operator
/∇
has stable dimension under these variations, and that the ground metri g is a
stationary point of det /∇2.
Then, apart from in V (M,g0) + diffg0 when the dimension is even (respe-
tively V (M,g0)+(conf + diff)g0 when the dimension is odd), for a nite dimen-
sional (possibly empty) subspae of diretions V ⊆ C∞(S2M), the metri g is
a loal maximum for (−1)⌊n/2⌋ det /∇2.
Remarks 1.30.
(1) The restrition n ≥ 3 is tehnial and is due to the fat that we need
Us, whih is the loally omputable part of the symbol, to be the leading
symbol near s = 0.
(2) We point the reader to other results onerning suh alternating mod4
patterns for zeta regularized quantities, in the paper [Mø1℄. E.g. the
sign of log det( /∇2, Sn) is (−1)⌊(n−1)/2⌋, and limn→∞ det( /∇2, Sn) = 1.
(3) The reason for the opposite behavior for the determinants of the Dira
and onformal Laplaians is not ompletely evident, as has been dis-
ussed previously from a geometri viewpoint in [Br1℄. See [Mø2℄ for a
onnetion with theoretial physis, whih is at least onsistent with this
behavior.
Speializing again to spheres Sn, whih are spin manifolds, we note that the
standard, round metris are stationary points for det /∇2 (see e.g. Proposition
2.10 in the present paper for a proof that works in any dimension, or see [MØ℄
and [Bl℄ for a simpler proof in the onformally invariant situations). Theorem
2 applies in this ase, namely the dimension of the kernel is onstant, sine
the round sphere, and hene metris lose to it in the Fréhet spae topology
have no harmoni spinors (though it is known that suiently far away from
the round metri on Sn suh spinors do exist, e.g. [Da℄). Thus we obtain as
promised a partial veriation of this version of Branson's Conjeture.
One important appliation of the results proven here is to the round spheres
(Sn, g0), whih by Proposition 2.10 are stationary points of ζ /∇2(s), for any
s ∈ C a regular point of ζ /∇2 , and hene the results apply. As mentioned in
the introdution, in later joint work with B. Ørsted ([MØ℄) we utilize Theorem
1 as a key omponent for obtaining stronger statements, namely without the
exeptional diretions. In partiular V (S2k+1, g0) = {0} for the determinant.
The proof relies on a remarkable rigidity theorem for onformal funtionals,
whih in turn is proved using the semisimple Lie theory of the onformal group
SO(n + 1, 1). The results obtained are:
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Theorem 3 ([MØ℄). Among metris on S2k of xed volume, the standard sphere
(S2k, g0) is a loal maximum for (−1)kζ /∇2(0).
Theorem 4 ([MØ℄). Among metris on S2k+1 of xed volume, the standard
sphere (S2k+1, gcan) is a loal maximum for (−1)k det /∇2. Furthermore, apart
from in the natural invariant diretions confg0g0 +diffg0g0, the maximum is
strit.
The proof given in the follow-up paper [MØ℄ is quite in the spirit of T. P.
Branson's work on the determinant, and spells out learly (omparing to the
analogous paper for the determinant of the onformal Laplaian in [Ok1℄, whih
also beomes a speial ase of [MØ℄), why suh results are true. Namely in odd
dimensions determinants of integer powers of onformally ovariant operators
(with trivial kernels), are onformally invariant funtionals. Furthermore the
onformal group of the standard Sn is large (it has maximal dimension), in the
sense that it ats irreduibly on the relevant quotient. The argument given there
is thus general and shows that on the round sphere the situation is very rigid,
and one an in great generality expet that for onformally invariant funtionals,
the exeptional subspaes for determinants are trivial on the sphere,
V (Sn, g0)) = {0}.
2. Dira operators and non-onformal hange of metris
Let M be an oriented Riemannian manifold of dimension n. Let
FSOM = FSO(TM)
be the bundle of oriented orthogonal frames. This is in a natural way a prinipal
SO(n)-bundle. Reall the following bundle theoretial notion of spin struture.
Denition 2.1. A spin struture on M is a prinipal Spin(n)-bundle PSpinM
that 2-fold overs FSOM as G-bundles, that is:
PSpinM × Spin(n) //
Π×pi

PSpinM
Π

piP
))RR
RR
RR
M
FSOM × SO(n) // FSOM piF
55llllll
If M admits a spin struture it is said to be a spin manifold.
Though dened in a Riemannian geometri setting, being a spin manifold
is a dierential topologial property, and the spin struture is independent of
the metri g up to a ertain equivalene of spin strutures (i.e. as prinipal
bundle overings). Here the interest is in hanging the underlying Riemannian
metris. Reall that whether M is spin or not an be read o from the seond
Stiefel-Whitney lass in the seond Cˇeh Z2-ohomology of M , w2(TM), whih
vanishes if and only if M is spin. When this is the ase, then the number of
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inequivalent spin strutures is related to the fundamental group (assuming M
is onneted) by∣∣∣{inequivalent spin structures}∣∣∣ = ∣∣∣Hom(pi1(M),Z2)∣∣∣
Reall that the spheres Sn are examples of spin manifolds, and if n ≥ 2 the
spin struture is unique (up to equivalene).
Denition 2.2. If M is spin then the spinor bundle is the omplex vetor
bundle
ΣM = PSpinM ×ρ C2k ,
where the assoiating ρ is as the spinor representation, and n = 2k or n = 2k+1.
The bundle ΣM naturally has a Hermitian struture, denoted in eah ber
simply by 〈·, ·〉x. This omes about by the usual proedure through averaging
the standard Hermitian inner produt on C
2k
with respet to a ertain nite
group that generates ClCn , and so this invariant inner produt desends to the
assoiated bundle ΣM .
Reall also the denition of the assoiated Dira operator.
Denition 2.3. The Atiyah-Singer-Dira operator
/∇ is the omposite map
C∞(ΣM)
e∇
// C∞(T ∗M ⊗ ΣM) # // C∞(TM ⊗ ΣM) ·γ // C∞(ΣM) ,
where ·γ denotes Cliord multipliation.
Theorem 2.4 ([BG℄). Let γ and η be two spin metris orresponding to the
same topologial spin struture (i.e. to two orresponding redutions of the
struture group from G˜l+(n) to SO(n), see the Appendix).
There is a bundle map β between spinor bundles
βγη : ΣMγ → ΣMη,
whih is equivariant so that it indues a map on smooth setions (i.e. spinor
elds), still denoted in the same way:
βγη : C
∞(ΣMγ)→ C∞(ΣMη),
with the properties:
(1) β is a berwise isometry of Hermitian vetor bundles.
(2) b and β are ompatible with Cliord multipliation, in the sense that
(2.5) βγη (X ·γ ϕ) = bgh(X) ·η βγη (ϕ),
where b is the natural map .
The gauge transformed Dira operator may now be desribed. Fixing a topo-
logial spin struture and spin metris γ and η orresponding to this and the
metris g and h respetively, we let
(2.6)
γ /∇η = (βγη )−1 ◦ /∇η ◦ βγη .
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Note that this operator
γ /∇η : C∞(ΣMγ)→ C∞(ΣMγ)
is manifestly not the Dira operator orresponding to the spinor metri γ.
Rather it is an operator ating anonially on γ-spinors but having the same
eigenvalues as the Dira operator in the spin-metri η. The innitesimal vari-
ation is given by the following theorem (see the Appendix for a review of the
proof).
Theorem 2.7 ([BG℄). The innitesimal variation in the metri diretion k of
the Dira operator for spinorial metri γ is
(2.8)
(
d
dt
γ /∇γt∣∣t=0
)
ψ = −1
2
n∑
i=1
ei·γ∇˜γKg(ei)ψ +
1
4
[
d(trg k)− divg k
]
·γ
ψ,
where (ei) is a g-orthonormal frame.
Remark 2.9. The divergene divg of the 2-form k with respet to g, is the
ovariant derivative followed by ontration, i.e. with no minus sign.
2.1. Proof of stationarity of det /∇2 on round spheres. In the following
proposition we observe that all round spheres are stationary points for the
determinant of the Dira squared under general volume preserving variations.
Proposition 2.10. The round spheres (Sn, g
an
) are stationary points (i.e.
ritial points) of the funtional det /∇2, with respet to volume preserving metri
variations. In fat the whole zeta funtion is pointwise stationary.
Proof. The spheres Sn (n ≥ 2) are simply onneted spin manifolds, and thus
eah has a unique topologial spin struture. From a result by Bourguignon-
Gauduhon (Proposition 29 in [BG℄) on standard round Sn, it is known that
if we look at a spei eigenvalue λ of the Dira operator in the standard
metri, then the standard metri is stationary for the sum of those eigenvalues
λ(1), . . . , λ(nλ) with multipliities, that branh from λ under perturbation.
Thus, working in the halfplane Re s > n/2, we apply the absolutely onver-
gent sum representation of the zeta funtion. Perturbing along a smooth urve
of Riemannian metris gt we get
∂
∂t
∣∣t=0
(
ζ( /∇2gt , s)
)
=
∂
∂t
∣∣t=0
(∑
λ
nλ∑
j=1
λ−s(j)(t)
)
= −s
∑
λ
{
λ−s−1
nλ∑
j=1
λ′(j)(0)
}
= 0,
when Re s > n/2. The analytial ontinuation of this to C is identially zero,
whih proves the laim. 
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3. Gauge-breaking projetions as pseudodifferential operators
In onsidering stability operators for zeta funtions of operators of ordinary
Laplaian type, the natural subspae of invariant tangent diretions in the man-
ifold of Riemannian metris is
(3.1) diffg0 =
{ d
dt
∣∣t=0ϕ∗t g0
∣∣∣ ϕt is a 1-param. family of dieomorphisms}
In the ontext of Dira operators the natural subspae is
(3.2)
diffSping0 =
{ d
dt
∣∣t=0ϕ∗t g0
∣∣∣ ϕt is a 1-param. family of spin-dieomorphisms}
For loal variations it sues to onsider a xed topologial spin struture, sine
naturally we have the following.
Proposition 3.3.
diffg0 = diff
Spin
g0 .
Proof. We may, by omposition with ϕ−10 , assume that ϕ0 = IdM , whih is
spin-preserving. Sine spin strutures form a disrete topologial spae, every
φt in the smooth urve from the identity in Diff(M) is spin-preserving, and the
two spaes oinide. 
The subspaes diff⊥g0 and (conf + diff)
⊥
g0 are losed inside L
2
-setions, sine
they are dened by ellipti dierential onditions, and we shall need the fol-
lowing proposition giving the orthogonal projetions, and thus their expliit
leading symbols, expliitly.
Proposition 3.4. The projetion maps
Πdiff⊥ : C
∞(S2M)→ diff⊥g0 ,
Π(conf+diff)⊥ : C
∞(S2M)→ (conf + diff)⊥g0
are 0th order lassial polyhomogeneous ΨDOs on S2M , with leading symbols
σL
(
Πdiff⊥
)
(x, ξ)K = Π⊥ξ KΠ
⊥
ξ ,
σL
(
Π(conf+diff)⊥
)
(x, ξ)K = Π⊥ξ KΠ
⊥
ξ −
1
n− 1 tr
(
Π⊥ξ K
)
Π⊥ξ .
(3.5)
Expliitly the operators are given (up to Ψ−∞) by:
Πdiff⊥ = Id−∇⊙
[
div∇⊙
]−1
div,
Π(conf+diff)⊥ =
(
Id− 1ng0 · tr
){
Id−∇⊙
[(
div− 1nd ◦ tr
)∇⊙]−1( div− 1nd ◦ tr )}.
Remark 3.6. Here ∇⊙ means taking the ovariant derivative on 1-forms, fol-
lowed by symmetrization. The inverses are pseudodierential parametries of
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the following geometri ellipti partial dierential operators of order 2:
div∇⊙ : C∞(S2M)→ C∞(S2M),(
div− 1nd ◦ tr
)∇⊙ : C∞(S2M)→ C∞(S2M).
Proof. Let k ∈ C∞(S2M) be given. By the haraterizations
diffg0 =
{
∇⊙ω
∣∣∣ ω ∈ Ω1M} and diff⊥g0 = {k ∈ C∞(S2M) ∣∣∣ divg0 k = 0},
confg0 =
{
ϕg0
∣∣∣ϕ ∈ C∞(M)} and confg0⊥ = {k ∈ C∞(S2M) ∣∣∣ trg0 k = 0},
projeting on the subspae is equivalent to solving the ellipti system
(3.7)
{
∇⊙ω + (k −∇⊙ω) = k
divg0 k − divg0 ∇⊙ω = 0,
for ω, respetively solving the system
(3.8)

∇⊙ω + ϕ · g0 + (k −∇⊙ω − ϕ · g0) = k,
divg0 k − divg0 ∇⊙ω − dϕ = 0,
trg0 k − trg0 ∇⊙ω − n · ϕ = 0,
for ω and ϕ (where we have used divg0(ϕ · g0) = dϕ). To see that for instane
the dierential operator divg0 ∇⊙ is ellipti, we note that the leading symbol is
(3.9) σL
[
divg0 ∇⊙
]
(x, ξ) = |ξ|2(I +Πξ),
and thus it has ellipti (and indeed positive denite) leading symbol. The
pseudodierential parametrix then has leading symbol
(3.10) σL
[(
divg0 ∇⊙
)−1]
(x, ξ) =
|ξ|−2
2
(
I +Π⊥ξ
)
.
Some further omputations along these lines easily lead to the laimed results.

4. Spetral theory for log-polyhomogeneous pseudodifferential
operators
In order to be able to take the derivative in the s-parameter in the las-
sial polyhomogeneous pseudodierential families studied in the previous se-
tions, one needs for even dimensional manifolds to extend the lass to log-
polyhomogenous operators, as dened by M. Lesh [Le℄.
Firstly we review the log-polyhomogeneous lass on a smooth manifold Mn
(e.g. [Le℄, see also [PS℄). Good general referenes for the pseudodierential
alulus disussed here inlude [Sh℄ and [Gi℄. As always Hs(M,E) denotes the
losure of C∞(M,E) with respet to the Sobolev norm orresponding to s ∈ R,
where E is the rank r vetor bundle in whih we work.
EXTREMAL METRICS FOR DIRAC OPERATORS 17
The lass of order d symbols Sd(U,Rr), for d ∈ R and U ⊆ Rn open, are the
funtions q(x, ξ) in C∞(T ∗U,End(Rr)), whih satisfy the basi estimates
(4.1)
∣∣∣∂αx ∂βξ q(x, ξ)∣∣∣ ≤ Cα,β,K(1 + |ξ|)d−|β|, for ξ ∈ Rn, x ∈ K ⊆ U ompat.
The lass Ψd(M,E) of order d pseudodierential operators onsists of the
linear operators
Q : C∞(E)→ C∞(E)
s.t. in a neighborhood with a trivialization onto U×Rr, for an open set U ⊆ Rn,
(4.2) (Qf)(x) =
∫
Rn
∫
U
ei(x−y)·ξq(x, ξ)f(y)dydξ, x ∈ U, f ∈ C∞c (U),
with q ∈ Sd(U,Rr).
The lass of lassial (1-step) polyhomogeneous symbols CLα(U,Rr) of order
α ∈ C are the funtions q ∈ C∞(T ∗U,End(Rr)) having a sequene of symbols
indexed by j ≥ 0 with qα−j ∈ C∞(T ∗U,End(Rr)), eah being homogeneous in
ξ of degree α− j
qα−j(x, tξ) = t
α−jqα−j(x, ξ), for |t| ≥ 1, |ξ| ≥ 1
and obeying the asymptoti expansion
q(x, ξ) ∼
∞∑
j=0
qα−j(x, ξ)
as |ξ| → ∞, meaning that for eah N ∈ N
q(x, ξ)−
N−1∑
j=0
qd−j(x, ξ) ∈ SReα−N (U,Rr)
The lass of log-polyhomogeneous symbols, extending the lassial (1-step)
polyhomogeneous symbol lass, is as follows.
Denition 4.3. For an open set U ⊆ Rn, we denote by CSd,k(U,Rr) the log-
polyhomogeneous symbols of order d and log-degree k, being the set of symbols
q ∈ ⋂ε>0 Sd+ε(U,Rr), having an asymptoti expansion
q(x, ξ) ∼
∞∑
j=0
qd−j(x, ξ), where
qd−j(x, ξ) =
k∑
l=0
qd−j,l(x, ξ) log
l[ξ],
and the qd−j,l(x, ξ) are positively homogeneous of degree d− j in ξ.
Here we introdued [ξ], whih is a stritly positive C∞ funtion in ξ, whih
has [ξ] = |ξ| for |ξ| ≥ 1.
Remarks 4.4.
18 NIELS MARTIN MØLLER
(1) The asymptoti equivalene in this ontext means that for eah N ∈ N,
the N 'th dierene satises
q(x, ξ) −
N−1∑
j=0
qd−j(x, ξ) ∈
⋂
ε>0
Sd+ε−N (U,Rr).
(2) The ondition on the qd−j means that they belong to the lass of (matrix-
valued) log-polyhomogeneous funtions Pd−j,k(U,Rr).
(3) An alternative to the use of the modiation [ξ], is to multiply eah qd−j
by a ut-o ψ ∈ C∞(Rn) s.t. ψ(ξ) = 0 for |ξ| ≤ 1/4 and ψ(ξ) = 1 for
|ξ| ≥ 1/2 (as in [Le℄)
In the ase k = 0 without any logarithms
CSd,0(U,Rr) = CSd(U,Rr),
the lassial 1-step polyhomogeneous symbols.
Denition 4.5. We denote by CLd,k(U,Rr) the lass of pseudodierential opera-
tors whih an be written in the form (4.2) with symbol q ∈ CSd,k(U,Rr).
It has been veried by M. Lesh (in [Le℄) that the usual rules of alulus
hold for properly supported operators, also inluding hange of oordinates by
dieomorphisms. This as usual allows the denition of the orresponding lasses
CLd,k(M) on manifolds M as well as CLd,k(M,E) for vetor bundles E. The
leading symbol map, loally σdL(Q) := qd, is well-dened on CL
d,k(M,E) with
kernel CLd−1,k(M,E).
4.1. Holomorphi families of lassial polyhomogeneous ΨDOs. In this
setion we review the topi of holomorphi families of lassial polyhomogeneous
pseudodierential operators with the spei goal of understanding how the
setting in [Ok4℄ ts with the log-polyhomogeneous lass CLd,k(M) just dened
above, i.e. we want derivatives of the family to be in this new lass. Suh issues
have been addressed earlier, i.e. see [Le℄, [KV℄, [PS℄ and others, who dealt with
somewhat dierent settings. The exposition here is not meant to be omplete,
but serves to explain the redution on the assumptions, in for instane [PS℄, to
those in the present ontext.
The denition of holomorphi families of lassial ΨDOs will be as follows in
order to math the onditions in [Ok4℄.
Denition 4.6. If we have a family of ΨDOs
Qs : C
∞(E)→ C∞(E)
depending on a parameter s ∈ Ω ⊆ C, then we will say that Qs onstitutes a
holomorphi family of polyhomogeneous ΨDOs if eah Qs is (lassial 1-step)
polyhomogeneous of order µ(s), where
µ : Ω→ C
EXTREMAL METRICS FOR DIRAC OPERATORS 19
is holomorphi, and on any loal trivialization of E, Qs has symbol q(s, x, ξ)
whih is smooth in (s, x, ξ), holomorphi in s, and satises the estimates
(4.7)
∣∣∣∣∂αx ∂βξ (q(s, x, ξ)− N−1∑
j=0
qµ(s)−j(s, x, ξ)
)∣∣∣∣ ≤ Cα,β(1 + |ξ|)Reµ(s)−N−1−|β|,
uniformly for x and s in ompat sets.
Noting the absene of ∂γs in the above expression, the symbols in this lass
may a priori seem to be too weakly estimated with respet to the needed s-
derivatives. As is seen from the proof of the following proposition, the use of
Cauhy estimates remedies this.
Proposition 4.8. Let Qs be a family of polyhomogeneous ΨDOs, whih is
holomorphi in the sense of Denition 4.6, with orresponding symbols q(s, x, ξ).
Then in a trivialization on U :
(1) Eah homogeneous term qj(s, x, ξ) of qs is holomorphi in s ∈ Ω, with
derivative ∂sqj ∈ Pµ(s)−j,1(U).
(2) For eah s ∈ Ω, ∂sq is in CSµ(s),1(U,Rr) with symbol expansion
∂sq(s, x, ξ) ∼
∑
j
∂sqj(s, x, ξ).
(3) As operators on xed Sobolev spaes, the family has rst derivatives
∂sQs ∈ CSµ(s),1(M,E), i.e.
∂sQs : H
t(M,E)→ Ht−Reµ(s)−ε(M,E), ∀ε > 0.
The leading symbol of this operator is the holomorphi derivative of the
family of leading symbols of Qs.
Proof. To see the rst assertion we apply the reursive reovery formulae for
lassial polyhomogeneous ΨDOs
qd−j(s, x, ξ) = lim
t→∞
t−(d−j)
[
q(s, x, tξ)−
j−1∑
k=0
qd−k(s, x, tξ)
]
.
Using the estimates (4.7) the onvergene here is seen to be uniform for x, ξ
and s in ompat sets. This implies indutively the analytiity of the qj terms.
Using the homogeneity we nd that ∂sqj(s, x, ξ) equals[
∂sqj
(
s, x,
ξ
|ξ|
)]
|ξ|µ(s)−j +
[
(∂sµ)qj
(
s, x,
ξ
|ξ|
)]
|ξ|µ(s)−j log |ξ| ∈ Pµ(s)−j,1.
To hek that ∂sq ∈ Sµ(s)+ε for all ε > 0, we apply Cauhy estimates, whih
for holomorphi f gives∣∣f (n)(s)∣∣ ≤ n! sup|w−s0|=ε f(w)
εn
, if |s− s0| < ε.
With this and the loally uniform estimates (4.7), we get that
(4.9)
∣∣∣∂αx ∂βξ ∂sq(s, x, ξ)∣∣∣ ≤ Cα,β,ε(1 + |ξ|)Reµ(s)+ε−|β|,
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uniformly for x and s in ompat sets, for any ε > 0.
To verify the asymptoti expansion we use the denition of polyhomogeneity
and ontinuity in s to obtain estimates for eah N and ε > 0∣∣∣∣∂αx ∂βξ {q(s, x, ξ)− N−1∑
j=0
qj(s, x, ξ)
}∣∣∣∣ ≤ Cα,β,N,ε(1 + |ξ|)Reµ(s)+ε−N−|β|
uniformly for x and s in ompat sets. Applying again Cauhy estimates shows
that the N 'th dierene
∂sq(s, x, ξ) −
N−1∑
j=0
ψ(ξ)∂sqj(s, x, ξ) ∈ SReµ(s)+ε−N ,
for any ε > 0, and this was preisely the laim. Standard arguments now
show that the onsiderations for the symbols of the family lead to (3) in the
proposition. 
Remark 4.10. It is impliit to this disussion that we use a multipliative ut-
o (in ξ, as in Denition 4.3) on q(s, x, ξ), whih amounts to hanging qs by a
family of smoothing symbols.
By (4.7) this modies the family ∂sQs by a holomorphi family of smoothing
operators. As is easily seen, the properties of having ompat resolvent and
semi-bounded L2-spetrum are thus unhanged. Consequently the ut-o will
not aet the spetral results given in the main Theorem 4.16 below.
4.2. Elliptiity, positivity and spetrum of log-polyhomogeneousΨDOs.
The usual notion of elliptiity for pseudodierential operators is quite strong and
does not arry over naturally to the log-polyhomogeneous lasses CLd,k(M,E).
The reason for this is that the parametrix will generally only be of lass CL−d,k(M,E)
and not in CL−d−ε,k(M,E), whenever ε > 0. The following weaker notion of hy-
poelliptiity is more adequate. We will not need the general lassesHSd,d0ρ,δ (U,R
r)
and desribe here only what orresponds to (ρ, δ) = (1, 0).
Denition 4.11 ([Sh℄, 5.1). For real numbers d0 ≤ d, the sublass HSd,d0(U,Rr)
of hypoellipti symbols is the set of (matrix-valued) funtions
q(x, ξ) ∈ C∞(U,End(Rr)),
where U ⊆ Rn is an open set, suh that
(1) For any ompat K ⊆ U there exist onstants R, C1 and C2 suh that
C1|ξ|d0 ≤ |q(x, ξ)| ≤ C2|ξ|d, |ξ| ≥ R, x ∈ K.
(2) For eah ompat set K ⊆ U there exists a onstant R suh that∣∣∣q−1(x, ξ)[∂αξ ∂βx q(x, ξ)]∣∣∣ ≤ Cα,β,K |ξ|−|α|, |ξ| ≥ R, x ∈ K,
for suitable Cα,β,K.
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An aount of the standard results on these symbols an be found in [Sh,
5.1℄. First of all (sine (ρ, δ) = (1, 0) implies 1 − ρ ≤ δ < ρ) the notion ex-
tends to (vetor bundles over) manifolds. We have indeed HSd,d0(M,E) ⊆
Sd(M,E), and we note that hypoelliptiity is determined by the leading sym-
bol in Sd(M,E). We see that operators in HSd,d0(M,E) map Sobolev spaes
H(M,E)s → H(M,E)s−d, for any s ∈ R. A ruial feature of the hypoellipti
lass is the existene of a parametrix, as follows.
Theorem 4.12 ([Sh℄, Thm. 5.1). Let Q ∈ HSd,d0(M,E). Then there exists an
operator P ∈ HS−d0,−d(M,E) suh that
QP = I +R1, PQ = I +R2,
where R1, R2 ∈ Ψ−∞.
From this we may immediately observe that the hypoellipti lass has a or-
responding Gårding type inequality.
Corollary 4.13 (A hypoellipti Gårding inequality). If Q ∈ HSd,d0(M,E) then
there exists a onstant CQ,d,d0 suh that
‖f‖d0 ≤ CQ,d,d0
(‖f‖0 + ‖Qf‖0), for f ∈ Hd0(M,E).
Proof. Let f ∈ Hd0(M,E), apply Theorem 4.12 and use boundedness between
Sobolev spaes to estimate as follows
‖f‖d0 = ‖PQf‖d0 + ‖R1f‖d0
≤ CQ‖Qf‖d0−d + C ′Q‖f‖0
≤ CQ,d,d0
(‖f‖0 + ‖Qf‖0).

We an now dene the orret generalizations of the notions of elliptiity and
positive symbol to log-homogeneous operators.
Denitions 4.14.
(1) The lass of hypoellipti symbols with positive leading symbols, denoted
HSd,d0+ (M,E)
are those symbols in HSd,d0(M,E) having a leading symbol representative
σdL and a onstant R suh that
σdL(x, ξ) is stritly positive in
(
End(Ex), 〈·, ·〉x
)
for |ξ| ≥ R.
(2) The lass of log-polyhomogeneous symbols that are hypoellipti with pos-
itive leading symbols is
HCLd,k+ (M,E) := CL
d,k(M,E) ∩
⋂
ε>0
HSd+ε,d+
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Remark 4.15. As mentioned in the introdution there is an important point
here, in that the leading symbol of a log-polyhomogeneous operator inludes ev-
ery log-power of terms with highest |ξ|-power. Hene the notion of positive
leading symbol does not imply hypoelliptiity. Namely the term with the highest
log-degree may still be singular (while not negative), whih is the ase in the
appliation we have in mind.
The basi spetral results needed for dealing with the stability operators (i.e.
L2-Hessians) enountered here, are the following results, quite analoguous to for
instane Lemmas 1.6.3-1.6.4 in Gilkey's book [Gi℄, stated there only for partial
dierential operators with smooth oeients.
Theorem 4.16. On a losed manifold M , suppose Q ∈ HSd,d0+ (M,E) with
0 < d0 ≤ d < d0 + 1 is symmetri on the domain C∞(M,E). Then Q has
a real disrete spetrum, onsisting of nite multipliity eigenvalues {λk}, with
|λk| → ∞, and whih is bounded from below, i.e. there exists a onstant c > 0
suh that spec(Q) ⊆ [−c,∞).
Corollary 4.17. Theorem 4.16 applies to HCLd,k+ (M,E) with d > 0 by xing
an arbitrary 0 < ε < 1 and taking (d + ε, d) as the bi-degree. In partiular
operators in this lass an have at most a nite number of negative eigenvalues.
Before proving this theorem, there is a small interlude to show that we an
take square roots of positive leading symbol hypoelliptis, as needed below in
the proof of Theorem 4.16
Lemma 4.18 (Square root lemma). Let d0 ≥ 1 and x the notation that
√·
means using a partition of unity to onstrut an operator with leading symbol
being the square root of the original leading symbol. Then we have
(4.19)
√
HSd,d0+ (M,E) ⊆ HS
d
2
,
d0
2 (M,E)
Proof. Denoting the leading symbol by σL, Property (1) is lear sine |σL| =
|σ1/2L |2, viz. by the C*-identity for r × r-matries.
For (2) we see aordingly(
∂βx∂
α
ξ σ
1/2
L
)
σ
−1/2
L =
∑
|γ|≤|α|
|δ|≤|β|
Cα,β,γ,δ σ
−(|α|+|β|−|γ|−|δ|)
L
(
∂γξ ∂
δ
xσL
)
σ−1L ,
from whih the required estimates | · | ≤ Cα,β(1 + |ξ|)−|α| follow, using d0 ≥ 1
and the assumption that σL ∈ HSd,d0+ (M,E). 
Proof of Theorem 4.16. Disreteness of the spetrum follows from Rellih's lemma
on ompatness of the resolvent on the ompat manifold M , using the para-
metrix from Theorem 4.12.
For semi-boundedness we may assume that d0 > 1, or else take integer powers
of the operator. We onstrut an operator A0 as above in the square root lemma
(Lemma 4.18). Letting A := A∗0A0 we have
〈Af, f〉0 = 〈A0f,A0f〉0, and Q−A ∈ Sd−1.
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Now
〈Qf, f〉0 = 〈(Q−A)f, f〉0 + 〈Af, f〉0,
for f ∈ C∞(M). The rst term is estimated by
|〈(Q−A)f, f〉0| ≤ C‖f‖d0/2‖(Q−A)f‖−d0/2
≤ C‖f‖d0/2‖f‖d−1−d0/2.
By Lemma 4.18 we an apply Gårding's inequality, Corollary 4.13.
(4.20) ‖f‖2d0/2 ≤ C
(‖f‖20 + ‖A0f‖20).
For any δ > 0 we estimate, using Sobolev interpolation for 0 < d− 1− d0/2 <
d0/2, sine we are assuming d0 > 1 and 0 < d0 ≤ d < d0 + 1,
∣∣〈(Q−A)f, f〉0∣∣ ≤ C‖f‖d0/2‖f‖d−1−d0/2 ≤ δ‖f‖2d0/2 + C(δ)‖f‖d0/2‖f‖0
≤ 2δ‖f‖2d0/2 + C˜(δ)‖f‖20
≤ 2Cδ‖A0f‖20 + C2(δ)‖f‖20.
(4.21)
Choosing δ > 0 suh that 2Cεδ ≤ 1 nally proves
〈Qf, f〉0 ≥ ‖A0‖2 − |〈(Q−A)f, f〉0| ≥ −C2(δ)‖f‖20.

5. The stability operator for the zeta funtion of the Dira
operator: Proof of Theorem 1
Before deriving the formula for the stability operator, we desribe the re-
ent work by K. Okikiolu and by Okikiolu-Wang on pseudodierential stability
operators (i.e. L2-Hessians) of spetral zeta funtions, and it's extension to
Dira type operators. The paper by Okikiolu [Ok4℄ ontains major results
needed in the present paper, namely the detailed heat kernel analysis in the
onstrution of the L2-Hessian and expliit formulae for its leading symbol.
The setup explained in the introdution leads naturally to the generalization of
the stability operator (i.e. L2-Hessian) alulus to the spinor ase, and hene
may be used for the proof of Theorem 1.
Initially, we shall need to reall a few fats on the struture of the setMetr(M)
of Riemannian metris on the manifold M . First it is lear that this set is
always a non-empty, onvex (positive) one inside the set C∞(S2M) of smooth
symmetri ovariant two-tensors onM . In fat it an be given a struture as an
innite-dimensional (Riemannian) manifold in various ways (see e.g. [Eb℄ and
[FG℄).
The Sobolev spaes an be dened as follows
Denition 5.1. Hr(S2M) is the ompletion of C∞(S2M) with respet to the
norm ‖ · ‖r dened as
‖k‖r =
∑
s≤r
〈〈∇sk,∇sk〉〉1/2g , k ∈ C∞(S2M),
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where g is a xed ground metri.
Smoothness of the funtional allows the stability operator (i.e. L2-Hessian)
to be dened rigorously. On Metr(M) we take as smooth topology the Fréhet
spae topology oming from the olletion of norms ‖·‖r. If r > m/2 we denote
byMetr(M)r the losure ofMetr(M) in Hr(S2M). The Sobolev theorem shows
that then Hr(S2M) is ontained in the set of ontinuous setions of S2M . If
K ⊆ C is ompat and Hol(K) is the set of holomorphi funtions on (open sets
ontaining) K, given the supremum norm, then one has the following result,
where ZP (·) is as in (1.13) with P satisfying these analyti and naturality
assumptions.
Proposition 5.2 ([Ok4℄). Suppose k, r ∈ N with r > k+ n/2 + 1, and suppose
K ⊆ {s ∈ C|Re s > k + n/2 + 1 − r}. Then the map g → ZP (·) is a k-times
ontinuously dierentiable map from Hr(S2M) to Hol(K).
The L2-Hessian of the modied zeta funtion Z evaluated at k ∈ C∞(S2M)
is
(5.3) HessZ(Pg, s)(k, k) = d
2
dt2
∣∣t=0Z(Pg+tk, s).
Let P be a seond-order operator (i.e. from now on 2l = 2). Assume that
the struture group H is O(n) or SO(n). If this is the ase and we require
the analyti and naturality assumptions, then P is a geometri Laplae-type
operator. If we furthermore impose that P has stable kernel in a neighborhood
of the ground metri, K. Okikiolu has reently proved:
Theorem 5.4 ([Ok4℄). For s ∈ C, there exists a unique symmetri pseudodie-
rential operator Ts(P ),
Ts : C
∞(S2M)→ C∞(S2M),
suh that
(5.5) HessZ(s)(k, k) = 〈〈k, Tsk〉〉g.
The operator Ts is analyti in s. For s /∈ n/2+N+ there exist polyhomogeneous
pseudodierential operators Us and Vs of degrees n − 2s and 2, respetively,
suh that Ts = Us + Vs. The operators Us and Ts are meromorphi in s with
simple poles loated in n/2 + N+. For general s, the polyhomogeneous symbol
expansion of Us is omputable from the omplete symbol of the operator P . In
partiular, there is a simple algorithm to ompute the term us of homogeneity
n− 2s. Furthermore, we an dierentiate in s to obtain
(5.6) Hess
( d
ds
)lZ(s)(k, k) = 〈〈k,( d
ds
)l
Tsk
〉〉
g
,
and the prinipal symbol of (d/ds)lUs is equal to the leading order term of
(d/ds)lus (provided it does not vanish identially).
The symbol us an be omputed as follows. Let x ∈ M and take oordinates
on M whih are orthonormal at x, and take a loal trivialization of E on a
EXTREMAL METRICS FOR DIRAC OPERATORS 25
neighborhood of x to obtain oordinates for E. Suppose that in these oordinates
the operator P ′ = ddt
∣∣t=0Pg+tk is given at the point x by
(5.7) P ′ =
∑
α,β,i,j
Aijα,β
(
∂αwkij
)
∂βw,
where α and β are multi-indies and Aijα,β is an N ×N real-valued matrix (for
eah hoie of the indies i, j, α, β). Set
(5.8) C(s) =
( 1
4pi
)n/2Γ(−S + 1)2
Γ(−2S + 2) , where S = s−
n
2
.
Then at (x, ξ) ∈ T ∗M , the value of us(x, ξ) ∈ End(S2M)x is given by
(us(x, ξ)k)ij = V
2s−n
n C(s)
∑
|α|+|β|=2
|γ|+|δ|=2
k,l
us(∂
α, ∂β , ∂γ , ∂δ, x, ξ) tr(Aijα,β(x)A
kl
γ,δ(x))kkl,
where the terms us(∂
α, ∂β , ∂γ , ∂δ , x, ξ) are given as follows (I denotes identity
on Ex):
us(∂j∂k, I, ∂p∂q, I, x, ξ) = 4(4S
2 − 1)ξjξkξpξq|ξ|n−2s−4,
us(∂j , ∂k, ∂p∂q, I, x, ξ) =− 2(4S2 − 1)ξjξkξpξq|ξ|n−2s−4,
us(∂j , ∂k, ∂p, ∂q, x, ξ) = (4S
2 + 2S − 2)ξjξkξpξq|ξ|n−2s−4 − (2S − 1)δkqξjξp|ξ|n−2s−2,
us(I, ∂j∂k, ∂p∂q, I, x, ξ) = (4S
2 − 2S)ξjξkξpξq|ξ|n−2s−4 + (2S − 1)δjkξpξq|ξ|n−2s−2,
us(I, ∂j∂k, ∂p, ∂q, x, ξ) =− (2S2 + S − 1)ξjξkξpξq|ξ|n−2s−4
+
(
S − 1
2
)
(−δjkξpξq + δjqξkξp + δkqξjξp)|ξ|n−2s−2,
us(I, ∂j∂k, I, ∂p∂q, x, ξ) = (S
2 + S)ξjξkξpξq|ξ|n−2s−4
+
1
2
(S − 1)δjkξpξq|ξ|n−2s−2 + 1
2
(S − 1)ξjξkδpq|ξ|n−2s−2
− S
2
(δjpξkξq + δkqξjξp + δjqξkξp + δkpξjξq)|ξ|n−2s−2
1
4
(δjkδpq + δjpδkq + δjqδkp)|ξ|n−2s.
We may more generally let E be a tensor-spinor bundle, as in Setion 1.1.
The adaptation to this ase follows immediately from the details of the proof
in [Ok4℄. Note that the usual heat kernel estimates are appliable here, in
this broader lass of generalized Laplaians (see e.g. Chapter 2 in [BGV℄). As
explained in Setion 2 and Appendix A, the Bourguignon-Gauduhon transform
allows us to onsider a family of operators in a xed vetor bundle, and as in
[Ok4℄, the main term in the analysis is∫ ∫
u+v<1
(u+ v)sP ′ke
−uPP ′ke
−vP dudv,
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where P ′k is the derivative at t = 0 of the operator P along a urve of metris g+
tk. The proof then proeeds ompletely analogously, noting that the arguments
are loal after the point where one trivializes the bundle E and applies normal
geodesi oordinates loally on M .
On the loal level the analysis relies on the same standard estimates and
analysis in Eulidean spae, for ellipti operators with matrix-valued symbols,
as in the non-spinorial Laplaian ase. Note that the Cliord multipliation in
the denition of the Atiyah-Singer-Dira operator in (2.3) just omprises the
hoie of one spei endomorphism eld, while the proof in [Ok4℄ works for
any suh globally onsistent onstrution involving a berwise ation of the
endomorphism bundle of a vetor bundle (e.g. the spinor bundle).
Remark 5.9. Conerning the gauged Dira operators, we note that one ould
try inorporating square roots of (natural) symmetri endomorphisms into the
onept of natural geometri tensor-spinor operators. Here, this is not nees-
sary, sine, as an easily be veried, both P , P ′ and P ′′ (i.e. dierentiating
and evaluating at zero perturbation) are in this ase natural (see Theorem 2.7),
whih is all that is needed for the proof in [Ok4℄ to go through. We thus have
the following orollary.
Corollary 5.10. On the losed Riemannian spin manifoldM , let P be a seond
order dierential operator in C∞(E) satisfying the Analytial assumptions 1.7
and Naturality assumptions 1.15. Then the above Theorem 5.4 and Theorem
5.4 hold for this operator as well. In fat it also applies to the Bourguignon-
Gauduhon gauge transformed squares of Dira operators, whih are not natural
in that partiular sense.
As mentioned above the endomorphisms in the trivialization ofE, represented
by matries Aijαβ in Theorem 5.4, in the spin ase are indued by repeated
Cliord multipliation. A ruial step in the following will be to nd and
express the traes of these endomorphisms in a manageable way.
To prove Theorem 1, using Corollary 5.10, we nd the loal oordinates
expression of the derivative of the Dira operator, using the gauge transform of
Bourguignon-Gauduhon and rst variation formula in Equation 1.18.
Remark 5.11. To give results of the type in Theorem 1, i.e. with the leading
term as stated, there is always the qualier that the right hand side does not
vanish identially. Note that the zeros of the Γ-fator are all the region in
Re s ≥ n/2+1, and thus there are surely no zeros in the half-plane Re s < n/2−1
onsidered here.
We will show the following result on the loal form of the rst variation of
the Dira operator
Proposition 5.12. In a trivialization of E and in normal geodesi oordinates
{xi} in a neighborhood of x ∈ U ⊆M , i.e. ei = ∂i|x gives an orthonormal basis,
we have
(5.13) ( /∇2)′|x =
∑
i,j,k,l
Dijklkij∂k∂l+
∑
i,j,k,l
Aijkl(∂kkij)∂l+
∑
i,j,k,l
Bijkl(∂k∂lkij)+DOTs,
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where the endomorphisms of the ber (ΣMγ)x have the matrix oeients
Dijkl = δikδjlId,
Aijkl = −12
(
δklδijId− δjlδikId+ δjlekei
)
,
Bijkl =
1
4
(
δijelek − δikelej
)
,
(5.14)
all as Cliord multipliations on the spinor elds.
Remark 5.15. Here and later in this derivation, we disregard terms that are
not of total degree 2 in the number of derivatives falling on k plus the number
of spinor derivatives. In a mnemoni:
". . . " = DOTs = Degree Other than Two's
Proof. Reall the loal representation (A.13). From this and Theorem 2.7 we
see that
( /∇2)′ψ = /∇′ /∇ψ + /∇ /∇′ψ
= −1
2
∑
i,j
ei∇˜Kg(ei)
(
ej∇˜ejψ
)
+
1
4
∑
j
[
d(trg k)− divg k
]
·γ
ej∇˜ejψ
− 1
2
∑
i,j
ej∇˜ej
(
ei∇˜Kg(ei)ψ
)
+
1
4
∑
j
ej∇˜ej
[
d(trg k)− divg k
]
·γ
ψ
= −1
2
∑
i,j
eiej∇˜Kg(ei)∇˜ejψ −
1
2
∑
i,j
ei
(
∇Kg(ei)ej
)
∇˜ejψ
+
1
4
∑
j
[
d(trg k)− divg k
]
·γ
ej∇˜ejψ −
1
2
∑
i,j
(
ej∇ejei
)
∇˜Kg(ei)ψ
− 1
2
∑
i,j
ejei∇˜ej∇˜Kg(ei)ψ +
1
4
∑
j
(
ej∇ej
[
d(trg k)− divg k
]
·γ
)
ψ
+
1
4
∑
j
ej
[
d(trg k)− divg k
]
·γ
∇˜ejψ
We rewrite this using the Cliord identities
Xei + eiX = −2g(X, ei), X ∈ C∞(TM),
to see that
1
4
∑
j
[
d(trg k)− divg k
]
·γ
ej∇˜ejψ +
1
4
∑
j
ej
[
d(trg k)− divg k
]
·γ
∇˜ejψ
= −1
2
∑
j
[
d(trg k)− divg k
]
j
∇˜ejψ,
and pik up some DOTs, namely the terms
(5.16) − 1
2
∑
i,j
ei
(
∇Kg(ei)ej
)
∇˜ejψ, and −
1
2
∑
i,j
(
ej∇ejei
)
∇˜Kg(ei)ψ,
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to get the expression
( /∇2)′ψ = −1
2
∑
i,j
eiej
(
∇˜Kg(ei)∇˜ej + ∇˜ei∇˜Kg(ej)
)
ψ − 1
2
∑
j
[
d(trg k)− divg k
]
j
∇˜ejψ
+
1
4
∑
j
[
ej∇ej
(
d(trg k)− divg k
)]
·γ
ψ +DOTs.
Everything will now be expressed in the normal geodesi loal oordinates {xi},
using the frame of oordinate vetor elds {∂i}. By Gram-Shmidt orthonor-
malization (whih is a smooth proess) on the frame eld {∂i}, we also get
the smooth loal orthonormal frame eld {ei} whih at x oinides with {∂i},
sine this is already orthonormal at x. Thus also gij|x = δij . We insert this
speial orthonormal frame in all the above formulae and denote by ϕ the eld
of invertible linear transitions
(5.17) ei = ϕ
l
i∂l.
Note that ϕli|x = δ
j
i and that ϕ only depends on the ground metri g and the
hart, but not on the tangent eld k.
In loal oordinates we have
Kg(∂i) = g
lkkki∂l,(5.18)
Kg(ei) = g
pkϕlikkl∂p,(5.19)
(δk)j = g
ikkij,k = gik
(
∂kkij − Γlkiklj − Γlkjkil
)
,(5.20) (
d(trg k)
)
j
= ∂j
(
gikkik
)
= gik
(
∂jkik − Γljiklk − Γljkkil
)
,(5.21)
using the onvention of Einstein summation. The last equality follows easily
for instane from the fat that the Levi-Civita onnetion, extended to tensor
elds, ats as the exterior derivative on funtions, while ommuting with musial
isomorphisms and tensor ontrations.
Using the above with (A.13) to write everything loally, and piking up some
more DOTs, we see
( /∇2)′ψ = −1
2
∑
i,j
eiej
[
∂
∂Kg(ei)
∂
∂ej
+ ∂∂ei
∂
∂Kg(ej)
]
ψ
− 1
2
∑
i,j,k
gik
[
(∂jkik)
∂
∂ej
− (∂kkij) ∂∂ej
]
ψ
+
1
4
∑
i,j,k,l
[
ejel
∂
∂ej
{
gik
(
∂lkik − ∂kkil
)}]ψ +DOTs.
To obtain the anonial form we rewrite, using that ϕ-derivatives are DOTs.
∂
∂Kg(ei)
∂
∂ej
= gpkϕlikkl∂p(ϕ
q
j∂q) = g
pkϕlikklϕ
q
j∂p∂q +DOTs,
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∂
∂ei
∂
∂Kg(ej)
= gpkϕlj
[(
∂
∂ei
kkl
)
∂p + kkl
∂
∂ei
∂p
]
+DOTs.
Evaluating at x, the enter of the normal geodesi oordinates, we get∑
i,j
eiej
[
∂
∂Kg(ei)
∂
∂ej
+ ∂∂ei
∂
∂Kg(ej)
]∣∣x
=
∑
i,j,k
eiej
(
kki∂k∂j + kkj∂i∂k
)
+
∑
i,j,k
eiej
(
∂ikkj
)
∂k
= −2
∑
i,j
kij∂i∂j +
∑
i,j,k
eiej
(
∂ikkj
)
∂k.
The nal expression is thus
( /∇2)′∣∣x =∑
i,j
kij∂i∂j − 1
2
∑
i,j,k
eiej
(
∂ikkj
)
∂k − 1
2
∑
i,j
[
∂jkii − ∂ikij
]
∂j
+
1
4
∑
i,j,k
ejek
[
∂j∂kkii − ∂i∂jkik
]
+DOTs.
From this formula, the above expressions for A, B and D an now be seen
diretly. 
For deriving the leading symbol of the stability operator, we x some onve-
nient notation, similarly to what has proven onvenient in [OW℄.
(5.22)
(k · ξ)i =
∑
j
kijξj, ξ · k · ξ =
∑
i,j
kijξiξj, |k| =
[∑
i,j
k2ij
]1/2
, tr k =
∑
kii.
As an easily be omputed(
KgΠ
⊥
ξ
)
ij
= kij − |ξ|−2
∑
k
kikξkξj ,
tr (KgΠ
⊥
ξ )
2 = |k|2 − 2|ξ|−2|k · ξ|2 + |ξ|−4(ξ · k · ξ)2,
(trKgΠ
⊥
ξ )
2 = |ξ|−4(ξ · k · ξ)2 − 2|ξ|−2(ξ · k · ξ)(tr k) + (tr k)2.
(5.23)
Using the loal form of the innitesimal variation (5.13) one may also dene
the oeient symbols, formally substituting ξi for eah ∂i.
(5.24) σ(2) = Id
∑
i,j
kijξiξj, σ
(1) =
∑
i,j,k,l
Aijklξkξlkij , σ
(0) =
∑
i,j,k,l
Bijklξkξlkij
By the oeient omponents we mean
(5.25) σ
(1)
kl =
∑
i,j
Aijklkij , σ
(0)
kl =
∑
i,j
Bijklkij .
For the sake of book-keeping, express us as a sum
us = C(m, s)
(
u(1)s + u
(2)
s + u
(3)
s + u
(4)
s
)
,
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where the individual terms an be alulated as [OW℄
〈
k, u(1)s (x, ξ) k
〉
=
(
S2 − 1
4
)
|ξ|n−2s−4 tr
(
σ(2) − 2σ(1) + 4σ(0)
)2
,〈
k, u(2)s (x, ξ) k
〉
=
(
2S − 1
)
|ξ|n−2s−4 tr
((
σ(1)
)2 − |ξ|2∑
j
[∑
i
ξiσ
(1)
ij
]2)
,
〈
k, u(3)s (x, ξ) k
〉
=
(
2S − 1
)
|ξ|n−2s−4
{
|ξ|2 tr
(∑
i,j
σ
(1)
ij
[
ξi(k · ξ)j + ξj(k · ξ)i
])
+ (ξ · k · ξ) tr
(
− σ(1) − 2σ(0)
)
+ |ξ|2(tr k) tr
(
− σ(1) + 2σ(0)
)}
,
〈
k, u(4)s (x, ξ) k
〉
= dimE|ξ|n−2s−4
(
S − 1
2
)
×(
− 2|ξ|2|k · ξ|2 + (ξ · k · ξ)2 + |ξ|2(ξ · k · ξ)(tr k)
)
+ dimE|ξ|n−2s
(
1
2
tr (KgΠ
⊥
ξ )
2 +
1
4
(trKgΠ
⊥
ξ )
2
)
.
(5.26)
The various quantities needed are found from Equations (5.14).
σ(2) = (ξ · k · ξ)
σ(1) = −1
2
(
(tr k)|ξ|2 − (ξ · k · ξ) + ξ(k · ξ)
)
σ(0) =
1
4
(
(tr k)ξξ − ξ(k · ξ))
σ
(1)
kl = −
1
2
(
(tr k)δkl − kkl + ek
∑
i
eikil
)
.
(5.27)
Note that here the expressions involve Cliord multipliation. E.g. ξ(k · ξ)
means Cliord multipliation by the vetor k · ξ followed by multipliation by
ξ, two operations that do not ommute, and note that ξξ 6= |ξ|2. To evaluate
the four parts of the leading symbol, we need to take traes in the bers of the
spin bundle. For this it is onvenient to onentrate some tehnialities into the
following proposition.
Proposition 5.28 (Trae of an endomorphism of repeated Cliord multiplia-
tions). Let {ei} be an ONB of TMx. Let 1 ≤ i1 ≤ · · · ≤ i2l ≤ n be numbers
suh that iµ 6= i1 for µ 6= 1. Then
(1) tr
(∏2l
r=1 eir
)
= 0,
where the trae is taken in the ber ΣMx ≃ C2k , where the vetors at through
projetion in the Cliord algebra, aording to the identiations:
ClC2k ≃ M2k(C)
ClC2k+1≃ M2k(C)⊕M2k(C).
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Furthermore denoting the metri on TxM by 〈·, ·〉 we have:
(2) tr(ab) = − dimE〈a, b〉, a, b ∈ TxM .
(3) tr(abcd) = dimE
{
〈a, b〉〈c, d〉 − 〈a, c〉〈b, d〉 + 〈a, d〉〈b, c〉
}
, a, b, c, d ∈
TxM .
(4) tr(abab) = dimE
{
2〈a, b〉2 − |a|2|b|2
}
, as a speial ase of (3).
Proof. By the trae property tr(ϕ ◦ ψ) = tr(ψ ◦ ϕ), alulating in the Cliord
algebra and using that the vetor ation gives an algebra morphism:
tr
( 2l∏
r=1
eir
)
= tr
(
e1
2l∏
r=2
eir
)
= (−1)2l−1 tr
( 2l∏
r=1
eir
)
= − tr
( 2l∏
r=1
eir
)
,
whih proves the rst statement.
Applying (1) with l = 1 and expanding in the basis, we see
tr(ab) =
∑
i,j
aibj tr(eiej) =
∑
i,j
{
−(dimE)δijaibj+(1−δij)aibj tr(eiej)
}
= 〈a, b〉.
Continuing in this inlusion-exlusion fashion, we see that
tr(eiejekel) = −δij tr(ekel) + (1− δij)δik tr(eiejekel)
+ (1− δij)(1− δik)δil tr(eiejekel)
+ (1− δij)(1− δik)(1 − δil) tr(eiejekel)
= dimE
{
δijδjk − (1− δij)δikδjl + (1− δij)(1− δik)δilδjk + 0
}
Thus expanding in the basis we get
tr(abcd) = dimE
∑
i,j,k,l
aibjckdl
{
δijδkl − (1− δij)δikδjl + (1− δij)(1− δik)δilδjk
}
= dimE
{
〈a, b〉〈c, d〉 − 〈a, c〉〈b, d〉 + 〈a, d〉〈b, c〉
}
,
whih is (3). 
The proposition gives in partiular the following useful formulae.
Corollary 5.29.
tr(ξξ) = − dimE|ξ|2,
tr(ξξξξ) = dimE|ξ|4,
tr(ξ(k · ξ)) = −(ξ · k · ξ),
tr(ξ(k · ξ)ξ(k · ξ)) = 2(ξ · k · ξ)2 − |ξ|2|k · ξ|2,
Finally we an apply the preeding to omplete the proof of our main Theo-
rem 1.
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Proof of Theorem 1. To nd u
(1)
s , we evaluate the trae
tr
(
σ(2) − 2σ(1) + 4σ(0)
)2
= tr
(
(ξ · k · ξ) + (tr k)|ξ|2 − (ξ · k · ξ) + ξ(k · ξ) + (tr k)ξξ − ξ(k · ξ)
)2
= tr
(
(tr k)2|ξ|4 + (tr k)2ξξξξ + 2|ξ|2(tr k)2ξξ
)
= 0,
thus giving
〈
k, u
(1)
s (x, ξ) k
〉
= 0.
For u
(2)
s we alulate
∑
j
[∑
i
ξiσ
(1)
ij
]2
=
1
4
∑
j
[∑
i
ξi
(
(tr k)δij − kij + ei
∑
k
ekkkj
)]2
=
1
4
∑
j
[
(tr k)ξj − (k · ξ)j + ξ
(∑
k
ekkkj
)]
=
1
4
∑
j
[
(tr k)2ξ2j + (k · ξ)2j + ξ
(∑
k
ekkkj
)
ξ
(∑
k′
ek′kk′j
)
− 2(tr k)ξj(k · ξ)j + 2(tr k)ξ
(∑
k
ξjkkj
)
− 2ξ(k · ξ)j
(∑
k
ekkkj
)]
.
Taking the trae gives
tr
∑
j
[∑
i
ξiσ
(1)
ij
]2
=
dimE
4
{
|ξ|2(tr k)2 + |k · ξ|2 + 2
∑
j
〈
ξ,
∑
k
ekkkj
〉2
− |ξ|2
∑
j
∣∣∣∣∑
k
ekkkj
∣∣∣∣2
− 2(tr k)(ξ · ξ)− 2(tr k)
〈
ξ,
∑
j,k
ekξjkkj
〉
+ 2
〈
ξ,
∑
jk
ek(k · ξ)jkkj
〉}
=
dimE
4
{
|ξ|2(tr k)2 + |k · ξ|2 + 2|k · ξ|2 − |ξ|2|k|2 − 2(tr k)(ξ · k · ξ)
− 2(tr k)(ξ · k · ξ) + 2|k · ξ|2
}
=
dimE
4
{
|ξ|2(tr k)2 + 5|k · ξ|2 − |ξ|2|k|2 − 4(tr k)(ξ · k · ξ)
}
.
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Now we alulate the term
tr
(
σ(1)
)2
=
1
4
tr
{
(tr k)2|ξ|4 + (ξ · k · ξ)2 + ξ(k · ξ)ξ(k · ξ)− 2|ξ|2(tr k)(ξ · k · ξ)
+ 2|ξ|2(tr k)ξ(k · ξ)− 2(ξ · k · ξ)ξ(k · ξ)
}
=
dimE
4
{
(tr k)2|ξ|4 + (ξ · k · ξ)2 + 2(ξ · k · ξ)2 − |ξ|2|k · ξ|2
− 2|ξ|2(tr k)(ξ · k · ξ)− 2|ξ|2(tr k)(ξ · k · ξ) + 2(ξ · k · ξ)2
}
=
dimE
4
{
(tr k)2|ξ|4 + 5(ξ · k · ξ)2 − |ξ|2|k · ξ|2 − 4|ξ|2(tr k)(ξ · k · ξ)
}
.
Adding up the ontributions we nally get〈
k, u(2)s (x, ξ) k
〉
=
(
2S−1
)
|ξ|n−2s−4dimΣM
4
{
|ξ|2|k|2−6|ξ|2|k·ξ|2+5(ξ ·k·ξ)2
}
.
To nd u
(3)
s we alulate
trσ(0) =
1
4
{
tr(ξξ)− tr(ξ(k · ξ))
}
=
dimΣM
4
{
(ξ · k · ξ)− |ξ|2(tr k)
}
,
trσ(1) = −dimE
2
{
|ξ|2(tr k)− 2(ξ · k · ξ)
}
.
Another ingredient of u
(3)
s is
tr
(∑
i,j
σ
(1)
ij
[
ξi(k · ξ)j + ξj(k · ξ)i
])
= −1
2
tr
{∑
i,j
[
(tr k)δij − kij + ei
∑
k
ekkkj
](
ξi(k · ξ)j + ξj(k · ξ)i
)}
= −1
2
tr
{
2(tr k)(ξ · k · ξ)− 2|k · ξ|2 + ξ
∑
j,k
ekkkj(k · ξ)j + (k · ξ)
∑
j,k
ekξjkkj
}
= −dimE
2
{
2(tr k)(ξ · k · ξ)− 2|k · ξ|2 − 2|k · ξ|2
}
= dimE
{
2|k · ξ|2 − (tr k)(ξ · k · ξ)
}
.
Thus olleting terms we nd〈
k, u(3)s (x, ξ) k
〉
=
(
S − 1
2
)
|ξ|n−2s−4 dimE
{
4|ξ|2|k · ξ|2 − 3(ξ · k · ξ)2 − |ξ|2(tr k)(ξ · k · ξ)
}
.
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Summing up the ontributing terms u
(k)
s the leading symbol written as 〈k, us(x, ξ) k〉g
equals
2⌊
n
2
⌋−2
( 1
4pi
)n
2 Γ(−S + 1)2
Γ(−2S + 2) |ξ|
n−2s
{[
2s− (n− 1)
]
tr
(
KgΠ
⊥
ξ
)2
+
(
trKgΠ
⊥
ξ
)2}
,
whih ompletes the proof of Theorem 1. 
6. Gauge breaking and fatorization of stability operators of
spetral invariants
To nd the leading symbol by dierentiation, we need to pass bak to the
unmodied zeta funtion ζ(s) and summarize this transition in a lemma. We
introdue the notation
ηk := 2
2k+1∑
j=1
1
j
−
k∑
j=1
1
j
,
and extrat for onveniene the Γ-fator for Re s < n/2− 1, writing
HessZ(s) = Γ(−S + 1)
2
Γ(−2S + 2)W (s).
Then we have the following lemma.
Lemma 6.1.
(1) If n = 2k + 1 odd, then Hess ζ ′(0) = (−1)
k+1pi3/2
22k+2(k+1)!
W (0).
(2) If n = 2k even, then Hess ζ ′(0) = (−1)
kk!
(2k+1)!
{
W ′(0) + ηkW (0)
}
.
To apply Lemma 6.1 we note that in Theorem 1
σL
(
W (s)
)
= 2⌊
n
2
⌋−2
( 1
4pi
)n
2 |ξ|n−2s
{[
2s− (n− 1)
]
tr
(
KgΠ
⊥
ξ
)2
+
(
trKgΠ
⊥
ξ
)2}
Using this and polarization, we nd that
• If n = 2j + 1 is odd then
σL
[
Hessg ζ
′(0)
]
(x, ξ)Kg =
j
23j+4pij−1(j + 1)!
(−1)j |ξ|n
{
Π⊥ξ KgΠ
⊥
ξ −
1
n− 1 tr
(
Π⊥ξ Kg
)
Π⊥ξ
}
.
• If n = 2j is even then we have
σL
[
Hessg ζ
′(0)
]
(x, ξ)Kg =
j!
2(2pi)j(2j + 1)!
×
(−1)j |ξ|n
[
Π⊥ξ KgΠ
⊥
ξ + (n− 1)
{
Π⊥ξ KgΠ
⊥
ξ −
1
n− 1 tr
(
Π⊥ξ Kg
)
Π⊥ξ
}(
log |ξ| − ηj
2
)]
.
Proposition 6.2. (Fatorizing out projetions)
We an fator out the projetions on invariant diretions as follows (n ≥ 3).
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• For n = 2j + 1 odd there are H2j+1 ∈ Sn(M,S2M) and C(n) > 0 s.t.
Hess ζ ′(0) = (−1)j Π(conf+diff)⊥ H Π(conf+diff)⊥
• For n = 2j even there exists H2j ∈ CLn,1(M,S2M) and C(n) > 0 s.t.
Hess ζ ′(0) = (−1)j Πdiff⊥ H Πdiff⊥ .
The leading symbols are respetively
σnL(H2j+1)(x, ξ) = C(n)|ξ|n,(6.3)
σnL(H2j)(x, ξ) = C(n)|ξ|n
[
I + (n− 1)
(
log |ξ| − ηj
2
)
Φ(x, ξ)
]
,(6.4)
where Φ(x, ξ) : S2xM → S2xM is the orthogonal projetion map
Φ(x, ξ)Kg = Π
⊥
ξ KgΠ
⊥
ξ −
1
n− 1 tr
(
Π⊥ξ Kg
)
Π⊥ξ
These fatorizations are not unique, sine addition of invariant expressions re-
mains undetetable. In addition eah H an be hosen symmetri with respet
to the L2-inner produt.
Proof. From the above expressions for the leading symbols of the stability opera-
tors (i.e. L2-Hessians), and of the projetions in Proposition 3.4, the proposition
is true on the leading symbol level, writing
Hess ζ ′(0) = ΠV ⊥LΠV ⊥ +R−1,
for V either (conf + diff)g0 or diffg0 , and where L has the leading symbol that
remains after fatorizing out the leading symbols of the projetions. Finally
R−1 is the remainder term of order n − 1 or (n − 1, 1) respetively. Note that
in the even-dimensional ase, we an fator out Πdiff⊥ by using
(conf + diff)⊥g0 ⊆ diff⊥g0 .
Now the full stability operator has the orresponding invariant diretions, i.e.
Hess ζ ′(0) = ΠV ⊥ Hess ζ
′(0) ΠV ⊥
=
(
ΠV ⊥
)2
L
(
ΠV ⊥
)2
+ΠV ⊥R−1ΠV ⊥
= ΠV ⊥
(
L+R−1
)
ΠV ⊥ .
Hene by dening H = L + R−1, whih leaves the leading symbol unaltered,
the fatorization also inludes the remainder term and we have
(6.5) HessF = ΠHΠ.
Using the symmetry of the Hessian and the projetions Π, we see that aver-
aging in (6.5) with the formal adjoint H˜ = 12 (H
∗+H) gives a symmetri hoie
of H with the desired properties.

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Next is to show that these leading symbols are in fat both positive and
hypoellipti. As mentioned in the introdution, the fat that in even dimensions
the term of highest log-degree is singular (namely ontains the projetion Φ)
ompliates the onstrution of the parametrix. As the following proposition
shows, it an be done via slightly rened estimates, using the expliit symbol
struture of the stability operator.
Proposition 6.6. The symbols from Proposition 6.2 satisfy
H2j+1 ∈ HSn+(M,S2M),
H2j ∈ HCLn,1+ (M,S2M).
Proof. The statement onerning H2j+1 is immediate. For the positivity of
σL(H2j) for large |ξ|, it follows from (6.4), sine Φ is a projetion. Equivalently,
(n− 1) tr (KgΠ⊥ξ )2 ≥ ( trKgΠ⊥ξ )2,
whih is nothing but Cauhy-Shwarz' inequality.
It is needed to verify the estimates in Denition 4.11, and here Property (1)
is immediate.
For (2) we let ε with 0 < ε < 1 be arbitrary and show that it belongs to the
hypoellipti lass of bi-degree (n + ε, n). We shall apply the following general
formula, valid for any orthogonal projetion Π and α ∈ R\{−1}.
(6.7)
(
I + αΠ
)−1
= I − α
α+ 1
Π = I −Π− 1
1 + α
Π.
We need only to prove Property (2) in Denition 4.11 for the symbol σ, dened
by
(6.8) σ(x, ξ) =
σL(H2j)(x, ξ)
C(n)|ξ|n .
Equation (6.7) gives the following formula
(6.9) σ−1 =
(
I − Φ)+ 1
1 + (n− 1)
(
log |ξ| − ηj2
)Φ.
Having written σ−1 as a sum of the projetion onto the orthogonal omplement
and a term with 1/ log |ξ|-deay for large |ξ|, we get the following estimate.
(6.10)
∣∣σ−1Φ∣∣ ≤ C 1
log |ξ| , |ξ| large.
By dierentiating the identity
(6.11) Φ = Φ2,
using Leibniz' rule, and that Φ is homogeneous of degree 0 in |ξ|, i.e.
(6.12)
∣∣∂αξ ∂βxΦ∣∣ ≤ Cα,β(1 + |ξ|)−α,
we indutively get estimates on all derivatives of Φ as follows
(6.13)
∣∣σ−1[∂αξ ∂βxΦ]∣∣ ≤ Cα,β (1 + |ξ|)−αlog |ξ| , |ξ| large.
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With these estimates, the symbol
σ = I + (n− 1)
(
log |ξ| − ηj
2
)
Φ(x, ξ)
is easily seen to satisfy Property (2) in Denition 4.11 as laimed. 
7. Completion of the proof of Theorem 2
Proof of Theorem 2. The proof of the main Theorem 2, giving the generi ex-
tremal behavior of the determinant of the Dira Laplaian det /∇2, an now
nally be arried out as explained in the introdution, using the same strategy
as in the proof of Corollary 1.19.
Namely, by Proposition 6.2 the stability operator Hess ζ ′(0) fatorizes in both
even and odd dimensions, into a produt of projetions onto gauge invariane
diretions, and operators Hn in dimension n. By Proposition 6.6, these modied
stability operators H2j+1 and H2j belong to the spaes HS
n
+(M,S
2M) and
HCLn,1+ (M,S
2M), respetively. Thus we may apply the spetral results on
semi-boundedness and pure eigenvalue spetrum, tending to innity and of nite
multipliity, as proven in the main spetral result, Theorem 4.16. Again, as in
Equation (1.26), one denes the nite-dimensional subspae as the nite diret
sum of nite-dimensional eigenspaes for eigenvalues of the sign opposite to
that of the leading symbol. In other words the Morse index of the determinant
funtional is nite at ritial points (under the assumptions of Theorem 2).
Arguing again analogously to Equation (1.28) in the proof of Corollay 1.19, this
ompletes the proof of Theorem 2. 
Appendix A. The Bourguignon-Gauduhon gauge transform of
the Atiyah-Singer-Dira operator
For the onveniene of the reader, we inlude a more detailed summary of the
paper [BG℄ on the Bourguignon-Gauduhon isometry and its use in nding the
variation of the Atiyah-Singer-Dira operator. This is essentially a ommented
translated exerpt of the paper [BG℄ (see also [Bo℄ and [Ma℄).
Let V be an n-dimensional vetor spae and denote by MV the onvex one
of metris (i.e. inner produts) on V . If g is a metri on V we denote by
FOVg ⊆ FV the spae of g-orthonormal bases, whih has a right ation of
O(n). All these ations are free and transitive. Note that if f ∈ FOVg, then
g = (f−1)∗e,
where e is the standard metri of Rn.
Given two metris g and h we get a g-symmetri and positive automorphism
Hg of V by duality:
(A.1) h(u, v) = g(Hg(u), v), u, v ∈ V
Note that this is just the usual index-raising from Riemannian geometry. H
− 1
2
g
is, by its very denition, an isometry of inner produt spaes.
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Proposition A.2 ([BG℄). Let g and h be metris on V . Then the map
bgh : FOVg → FOVh
given by bgh(f) = H
−1/2
g ◦ f , using the positive square root of the symmetri
positive endomorphism Hg, is natural in the sense that:
(1) bgh = (b
h
g )
−1
, bgg = Id,
(2) bhg ommutes with the right ation of O(n) on FV .
(3) If t 7→ gt is a smooth urve from g0 to gt, then bg0gt gives an isotopy from
FOVg0 to FOVgt.
It so happens that there is a more geometri way of viewing the map bgh.
For this, remember that FV is a prinipal right O(n)-bundle with the bundle
projetion
FV
p

MV
dened by p(f) = (f−1)∗e. By the polar deomposition of Gl(n), this bundle
is globally trivial. The ber of g is FOVg and the tangent spae TfFV may be
identied with L(Rn, V ). Let AfV and SfV be the subspaes of L(V,R
n) whih
respetively have anti-symmetri and symmetri matries with respet to f .
The subspae AfV is the vertial subspae of the bundle and SfV is a natural
omplement. The distribution of subspaes f 7→ SfV is O(n)-equivariant, sine
symmetry of matries is preserved by orthogonal onjugation. Thus it is the
horizontal distribution of a ertain O(n)-onnetion in the prinipal bundle,
whih we will all the natural onnetion on (FV, p).
Proposition A.3. [BG℄ Let g, h ∈ MV . The map bgh oinides with the hori-
zontal transport in FV with respet to the natural onnetion, along the urve
t 7→ (1− t)g + h joining h and g inside MV .
This more geometri version extends diretly to the spin ase. For this we let
F˜V be a realization of the universal (double) over of FV . Every ber FOVg
is overed non-trivially by a manifold F˜OVg dieomorphi to Pin(n) and the
elements are alled the spinorial bases of V relative to g and the overing F˜V .
To see that there is in fat a dieomorphism, one may apply polar deompo-
sition in Gl(n). This gives a deformation retrat of FV onto FOVg, whih by
algebrai topology lifts to a deformation retrat of F˜V onto the spae
F˜OVg := pi−1(FOVg),
whih is therefore simply onneted and is thus the universal overing.
Proposition A.4 ([BG℄). The natural transformation b, whih to eah pair
of metris g and h assoiates the dieomorphism bgh, lifts to a natural trans-
formation β of the spinorial bases F˜V , whih to eah pair of metris g and h
assoiates a Pin(n)-equivariant dieomorphism from F˜OVg to F˜OVh.
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The preeding extends to the ase of a Riemannian manifold M , and we get
a Spin(n)-equivariant bundle map
βηγ : PSpinMγ → PSpinMη.
Here γ and η are spin metris that both orrespond to the same topologial
spin struture. See [BG℄ and Milnor [Mi℄; one onsiders the group Gl+(n) of
matries with positive determinant and realize a spin struture is as a prinipal
G˜l+(n)-bundle, denoted F˜+M , whih is a double over as G-bundles of F+M ,
the positively oriented frames on M .
The spinor bundles obtained by assoiating are denoted by subsript γ as
ΣMγ = PSpinMγ ×ρ C2k .
Again, the Spin(n)-equivariane ensures that
(A.5) βγη ([ϕ, v]) := [β
γ
η (ϕ), v]
is well dened, so that β is a bundle map between spinor bundles
βγη : ΣMγ → ΣMη,
if both spin metris γ and η orrespond to the same topologial spin struture.
When this is the ase it indues a map on smooth setions (i.e. spinor elds),
still denoted in the same way:
βγη : C
∞(ΣMγ)→ C∞(ΣMη).
Note also that by the very denition of the Hermitian struture and of β in (A.5),
β is an isometry of Hermitian vetor bundles. Another important property is
that b and β are ompatible with Cliord multipliation, in the sense that
(A.6) βγη (X ·γ ϕ) = bgh(X) ·η βγη (ϕ).
A.1. Variation of the Dira operator and of its eigenvalues. The gauge
transformed Dira operator may now be desribed. Fixing a topologial spin
struture and spin metris γ and η orresponding to this and the metris g and
h respetively, we let
(A.7)
γ /∇η = (βγη )−1 ◦ /∇η ◦ βγη .
Note that this operator
γ /∇η : C∞(ΣMγ)→ C∞(ΣMγ)
is most denitely not the Dira operator, generially, orresponding to the
spinor metri γ. Rather the important point is to onsider it as an operator
ating anonially on γ-spinors but having the same eigenvalues as the Dira
operator in the spin-metri η. As suh we shall now derive the orresponding
innitesimal variation.
One expression for the Dira operator is
/∇γψ =
n∑
i=1
ei·γ∇˜γeiψ, ψ ∈ C∞(ΣMγ),
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using a g-orthonormal frame (ei) and the spinor onnetion orresponding to
γ. Note that we use ∼ to denote lifted quantities, i.e. ∇˜γ is the lifted spin
onnetion in γ.
Theorem A.8 ([BG℄). The transformed
γ /∇η of the Dira operator ats on ψ
a γ-spinor eld as follows
γ /∇ηψ =
n∑
i=1
ei·γ∇˜γ
H
−1/2
g (ei)
ψ
+
1
4
n∑
i=1
ei·γ
[
H1/2g ◦
(
∇g
H
−1/2
g (ei)
H−1/2g +
gAh
H
−1/2
g (ei)
◦H−1/2g
)]
·γ
ψ,
(A.9)
where (ei) is a g-orthonormal frame and
gAh = ∇h−∇g is the dierene of the
Levi-Civita onnetions for g and h.
Remark A.10. The formulation here diers from that in [BG℄. This is seem-
ingly just a matter of onvention, i.e. here we map u⊗v 7→ uv, while a denition
onsistent with [BG℄ would be to map it to
1
2uv instead. Note that this ambiguity
disappears in the next theorem, whih is the result we will apply in the present
paper.
Proof. Dene the transformed spin onnetion by
γ∇˜ηX = (βγη )−1 ◦ ∇˜ηbhg (X) ◦ β
γ
η , X ∈ C∞(TM).
As might have been expeted this is the lift of the transform of the Levi-Civita
onnetion, dened as
g∇hX = (bgh)−1 ◦ ∇hbhg (X) ◦ b
g
h,
whih is a g-metri onnetion (by the isometry property), but not neessarily
torsion free. By using the transformed spin onnetion, however, we get
γ /∇ηψ = (βγη )−1( n∑
i=1
bgh(ei)·η∇˜ηei(βγηψ)
)
=
n∑
i=1
ei·γ
γ∇˜η
H
−1/2
g (ei)
ψ,
by using (2.5), bgh(ei) = H
−1/2
g (ei) and that by the isometry (b
g
h(ei)) is an h-
orthogonal frame, whih may be used for writing the Dira operator with respet
to the spin metri η.
Note that in (A.9) it needs to be explained why and how the expressions
H1/2 ◦
(
∇gXH−1/2 + gAhX ◦H−1/2
)
dene elements in the Cliord algebra. Note that
gAhXY is tensorial in Y , as
opposed to the onnetions themselves. Every (p, q)-tensor eld T ∈ T pqM is
mapped to a Cliord setion as follows: Raise all indies using the metri and
apply the anonial projetion in the denition of the Cliord algebra. Note
that this is only injetive if the tensor is anti-symmetri (and this is the ase
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here, as follows from being g-metri).
It sues to prove that
γ∇˜ηX − ∇˜γX =
1
4
[
H1/2 ◦
(
∇gXH−1/2 + gAhX ◦H−1/2
)]
·γ
.
Note however (see e.g. [BGV℄ or [LM℄) that for two onnetions ∇(1) and ∇(2)
∇(1)X ei −∇(2)X ei =
n∑
i=1
(
ω
(1)
ij (X) − ω(2)ij (X)
)
ej ,
so that [
∇(1)X −∇(2)X
]
·γ
ψ = 2
∑
i<j
(
ω
(1)
ij (X) − ω(2)ij (X)
)
ei·γej·γψ(A.11)
= 4
(
∇˜(1)X − ∇˜(2)X
)
ψ,(A.12)
sine again by [BGV℄
(A.13) ∇˜Xψ = dψ(X) − 1
2
∑
i<j
ωij(X)eiejψ,
viewing ψ in a trivializing neighborhood as a funtion
ψ : U → C2k .
Thus in the ase at hand:
γ∇˜ηX − ∇˜γX =
1
4
(
g∇hX −∇gX
)
·γ
.
Finally by diret omputation
H1/2 ◦
(
∇gXH−1/2 + gAhX ◦H−1/2
)
= g∇hX +H1/2g ◦ ∇gXH−1/2g −H1/2g ◦ ∇gX ◦H−1/2g
= g∇hX +H1/2g ◦ ∇gX ◦H−1/2g −H1/2g ◦H−1/2g ◦ ∇gX −H1/2g ◦ ∇gX ◦H−1/2g
= g∇hX −∇gX .
The seond step used the alulus rule
(A.14) ∇X ◦A = A ◦ ∇X +∇XA,
where A ∈ C∞(End(TM)) is a smooth setion of endomorphisms. 
Let k ∈ C∞(S2M) be a symmetri tensor eld, namely a tangent vetor at
g in the spae of Riemannian metris on M . We now deform the metri gt
through a smooth urve of metris, having k as derivative at t = 0, for instane
gt = g + tk (e.g. small t, M is ompat), and nd the variation of the Dira
operator, still for a xed topologial spin struture.
Before indulging into the proof itself, we mention the following lemma, on-
erning the variation of the Levi-Civita onnetion, whih is easily proved used
the Koszul formula in a ommuting basis of vetor elds.
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Lemma A.15. The innitesimal variation of the Levi-Civita onnetion or-
responding to gt is the 3-tensor eld (raising one index in the ground metri
g0 = g)
(A.16) (∇gt)′(X,Y,Z) = 1
2
[
(∇gX)k(Y,Z) + (∇gY )k(X,Z) − (∇gZ)k(X,Y )
]
.
Now we an ontinue the proof of the theorem as follows.
Proof of Theorem 2.7. Applying (A.9) with Hg = (Gt)g gives
γ /∇γtψ =
n∑
i=1
ei·γ∇˜γ
(Gt)
−1/2
g (ei)
ψ
+
1
4
n∑
i=1
ei·γ
[
(Gt)
1/2
g ◦
(
∇g
(Gt)
−1/2
g (ei)
(Gt)
−1/2
g +
gAgt
(Gt)
−1/2
g (ei)
◦ (Gt)−1/2g
)]
·γ
ψ.
Everywhere (ei) denotes a g-orthonormal frame, i.e. a xed one orresponding
to the ground metri. Firstly, we x the somewhat abusive notation that if Qt
is any t-dependent objet, then Q0 = Q and
(Qt)
′ :=
d
dt
∣∣t=0Qt.
To proeed we need a few basi derivatives(
(Gt)
±1/2
g (X)
)′
= ±1
2
Kg(X),(A.17) (∇gtXt)′ = (∇gtX)′ +∇g(Xt)′(A.18) (∇gXtQt)′ = ∇g(Xt)′Q+∇gX(Qt)′(A.19)
from these and similar, noting also (G0)
−1/2
g = Id, we get(
gAgt
(Gt)
−1/2
g (ei)
◦ (Gt)−1/2g
)′
= . . . =
(
gAgtei
)′
=
(∇gtei)′.
This last derivative was found in the above Lemma A.15. We also note that by
(A.17), (A.19) and ∇gX Id = 0, we have(
(Gt)
1/2
g ◦
(
∇g
(Gt)
−1/2
g (X)
(Gt)
−1/2
g
))′
(Y,Z) = −1
2
(∇gXk)(Y,Z).
The nal step is a tensor ontration, whih is onveniently arried out in
index notation, using (ei) and the orresponding fundamental tensors. Consider
the 3-tensor T (X,Y,Z) = −∇gZ(X,Y ) and alulate, preserving orders of the
tensor produts. Here and elsewhere eiejek means (ei)·γ(ej)·γ(ek)·γ .
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n∑
i=1
ei·γ
[
T (ei, ·, ·)]·γ = −
∑
i,j,k
kij,keiejek =
∑
i,k
kii,kek −
∑
i,j,k
i 6=j
kij,keiejek
=
∑
i,k
kii,kek − 0 =
[
d(trg k)
]
·γ
,
using the Cliord relations for orthonormal bases, as well as the symmetry of
the tensor eld k, i.e. kij = kji.
Letting the 3-tensor T be T (X,Y,Z) = ∇gY (X,Z)
n∑
i=1
ei·γ
[
T (ei, ·, ·)]·γ =
∑
i,j,k
kik,jeiejek = −
∑
i,k
kik,iek −
∑
i,j,k
i 6=j
kik,jejeiek
= −[ divg k]·γ −∑
i 6=j
i 6=k
kik,jejeiek +
∑
i 6=j
kii,jej
= −[ divg k]·γ −∑
i 6=k
kik,kei − 0 +
[
d(trg k)
]
·γ
−
∑
i
kii,iei
=
[
d(trg k)
]
·γ
− 2[ divg k]·γ .
Adding up these ontributions nally proves the theorem. 
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